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Introduction

What is geometric mechanics? At �rst blush, it is an approach to

studying mechanics:

classical Newtonian mechanics;

Lagrangian mechanics;

Hamiltonian mechanics;

Nonholonomic mechanics.

Let us look brie�y at each in turn.



Newtonian Mechanics
Classical mechanics

F =
d(mv)

dt
=

dp

dt

m is the mass of the body;

v is the body's velocity;

F is the force acting;

p = mv is the momentum.



Newtonian Mechanics

Classical mechanics - clari�cations

F︸︷︷︸
what is a force?

=
d

what is mass? velocity?︷ ︸︸ ︷
(mv)

dt︸ ︷︷ ︸
what is the rate of change of velocity?

=

what is momentum?︷︸︸︷
dp

dt

m is the mass of the body;

v is the body's velocity;

F is the force acting;

p = mv is the momentum.



An Example - springs & masses

Aẍ = −S(x − y)− R(x − z)

Bÿ = −S(y − x)− T (y − z)

Cz̈ = −R(z − x)− T (z − y)



An Example - springs & masses

d

dt

A 0 0

0 B 0

0 0 C

ẋẏ
ż

 = −

+S + R −S −R
−S +S + T −T
−R −T +R + T

xy
x


d

dt
Mq̇ = −Qq



What is a force?
A Force is something we integrate over a path to compute Work

done.

W =

∫
σ

〈F , dσ〉



What is a force?

A Force is a di�erential 1-form.

a force F is conservative if the line integral

∮
σ
〈F , dσ 〉

vanishes for all closed loops.

a 1-form F is exact if it integrates to zero along all closed

loops, in which case F = df for some smooth function f .



An example - spring force

Let's compute the exterior derivative of the force 1-form F for the

spring-mass system:

F =
∑
i

(Qq)i dq i =
∑
i ,j

Qijqj dq i

dF =
∑
i ,j

Qij dq j ∧ dq i = 0

since the �rst is symmetric in i , j and the second is skew symmetric.



An example - spring force

This shows F is *closed*. It is exact since every closed 1-form on

Rn is exact. We compute, for the path σ(t) = tq,

f (q) =

q∫
0

〈F (σ(t)), σ̇(t)〉 dt =

1∫
0

〈F (tq),q〉 dt

= −
1∫

0

〈Qq,q〉t dt = −
1∫

0

t dt × 〈Qq,q〉 = −1

2
〈Qq,q〉.

By de�nition U = −f is the potential energy of the system.



What is a velocity?

1 The velocity of a point with position p(t) at time t is ṗ(t).

2 We measure velocity by a measuring rod, f (a scalar valued

function).

ḟ (t) =
d

dt
f ◦ p(t)

RR

f ◦ p

p

f measuring rod

Figure: How to measure velocity.



What is a velocity?

We need to do calculus. To do calculus, we need di�erentiable

manifolds.



What is a velocity?
We need to do calculus. To do calculus, we need di�erentiable

manifolds.

1 A di�erentiable manifold M is a (Hausdor�) topological space,

an open covering C = {U}, and homeomorphisms

φU : U → Rn.

2 The homeomorphisms φU satisfy:

φU ◦ φ−1

V : φV (U ∩ V )→ φU(U ∩ V )

is a di�eomorphism for all U,V ∈ C .

φU

φU ◦ φ−1

V

φ−1

V

U

V

φV (U ∩ V ) ⊂ Rn
φU(U ∩ V ) ⊂ Rn

Figure: Coordinate charts



Examples of manifolds

1 Rn

2 Sn ⊂ Rn+1 (the unit sphere)

3 The group of n× n matrices of non-zero determinant, GL(Rn).

4 The group of solid rotations.

5 The set of all lines in R3.



A worked example

Let S2 ⊂ R3 be the unit sphere.

regular level set;

stereographic projection;

graph.



A worked example

Let A be the set of all lines R3.

each line ` can be written as ` = {p + tv s.t. t ∈ R} where:
1 v has unit length;

2 p and v are orthogonal;

3 v is unique up to a change of sign (= orientation of the line).

A '
{
(v , p) ∈ R3 × R3 s.t. |v | = 1, 〈v , p〉 = 0

}
/ ∼ .



Vector �elds and di�erential forms
Let M be a manifold with a coordinate system x : U ⊂ M → Rn.

We get functions xi de�ned on U;

We get vector �elds
∂

∂xi

We get di�erential forms

dxi

Each vector �eld V on M has

V |U = V1(x)
∂

∂x1
+ · · ·+ Vn(x)

∂

∂xn

Each di�erential 1-form F has

F |U = F1(x) dx1 + · · ·+ Fn(x) dxn



Vector �elds and di�erential forms

We compute that

〈 dxi ,
∂

∂xj
〉 = ∂xi

∂xj
= δij

〈 dxi ,V 〉 = LV xi =
∑
j

Vj × 〈 dxi ,
∂

∂xj
〉 = Vi

〈F ,V 〉 =
∑
i

Fi (x)Vi (x).


