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• s(ε, n) is the minimum # of d n
f -balls of radius ε to cover X ;

•
htop(f ) = lim

ε→0
lim

n→∞
log s(ε, n)

n
.
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•A typical phase portrait:

1. fibred by tori

2. tori degenerate

3. degenerations
controlled

by Morse-like
behaviour
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Theorem (Fomenko, Zieschang, Matveev 1986-9)

If H : (M4, ω) → R is integrable with a non-degenerate (or
real-analytic) integral F , then

1. the regular levels of H are graph manifolds;

2. the first Betti number of a regular level is determined by the
number of elliptic and hyperbolic periodic orbits.

Non-degenerate means that F |H−1(c) is a Morse-Bott function.

Theorem (Paternain, Moser)

In addition,

3. the topological entropy vanishes.



Graph manifolds

Building Blocks

1. Sk = 2-disk with k open disks removed;

2. Mk = Sk × S1 or Sk×̃S1;

3. M = union of Mk1
, . . . ,Mkn

glued along toral boundary.



Graph manifolds

Building Blocks

1. Sk = 2-disk with k open disks removed;

2. Mk = Sk × S1 or Sk×̃S1;

3. M = union of Mk1
, . . . ,Mkn

glued along toral boundary.

Examples

1. S2 × S1

2. S3, Lp,q

3. T3,...
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What about 3 or more degrees of freedom?

Theorem (Taimanov 1988)

Let (Mn, g) be a compact, real-analytic manifold. If the geodesic
flow is real-analytically integrable, then

1. b1(M) ≤ n;

2. π1(M) is almost abelian;

3. there is an injection H∗(Tb1) ↪→ H∗(M).

Theorem (Paternain)

If H : (M2n, ω) → R is completely integrable with non-degenerate
integrals, then its topological entropy vanishes.
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Bolsinov-Taimanov’s Example
•Configuration space: Sol = R ? R2

x .y = (exy0, e
−xy1).

•Left-invariant Metric:

g = dx2 + e−2xdy2
0 + e2xdy2

1 .

•Hamiltonian and integrals:

2H = p2
x + e2xp2

y0
+ e−2xp2

y1

I1 = py0 , I2 = py1 .

•Discrete group: u = 1+
√

5
2

∆ = {(uk , y) : y0 =
n + m

√
5

2
, y1 =

n − m
√

5

2
, k ,m, n ∈ Z }.
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Theorem (Bolsinov, Taimanov)

The hamiltonian H : T ∗(Sol/∆) → R is completely integrable. Its
flow has positive topological entropy.

Proof.
The integrals are

2H = p2
x + e2xp2

y0
+ e−2xp2

y1
,

I = py0py1 , J = exp(−I−2) × sin
2π ln |py1 |

ln u
.
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Bolsinov-Taimanov’s Example

Theorem (Bolsinov, Taimanov)

The hamiltonian H : T ∗(Sol/∆) → R is completely integrable. Its
flow has positive topological entropy.

Proof.
Anosov diffeomorphism on {py1 = py2 = 0, px = 1}:
At t = ln u

x ≡ x0, px ≡ 1,
y0 ≡ u−1y0,0, py0 ≡ 0,
y1 ≡ uy1,0, py1 ≡ 0, mod∆.

or

y(t) =

[

0 1
1 1

]

y(0) mod Z2.
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ẍi = exp(xi −xi+1)−exp(xi−1−xi), i = 1, . . . , n mod n. (∗)

Flaschka Transform

ai := exp(xi/2 − xi+1/2), bi := ẋi ,
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(∗) =⇒ L̇ = [L,M].
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Theorem (B.)

Let F/Q be a totally-real extension of degree n + 1 with integers
O and group of units U ; let ∆ = U+ ? O. There is a bundle
Tn+1 ↪→ Σ → Tn with π1(Σ) = ∆ such that

1. for each periodic Toda lattice Ψ of rank n, there is an
integrable hamiltonian HΨ : T ∗Σ → R;

2. the flow of HΨ contains a subsystem isomorphic to u ∈ U for
all u;

3. for n = 1 and F = Q(
√

5), the A
(1)
1 Toda lattice yields the

Bolsinov-Taimanov example.


