The Maslov cocycle, smooth structures and real-analytic
complete integrability

Leo Butler

University of Edinburgh
and
The Maxwell Institute of Mathematical Sciences

8 September 2008

Leo Butler (U. Edinburgh) Maslov cocycle 8 September 1/29



Introduction
m Hamiltonian mechanics
m Integrability

Topological Obstructions to Integrability
m 2 degrees of freedom
m 3 or more degrees of freedom

First counterexamples

Results in 3 degrees of freedom
m Geometrisation Conjecture
m Geometrisation and Integrability

Exotic Spheres and Topological Manifolds
m Exotic Spheres and Tori
m Exotic Manifolds and Integrability

@ Continuing Questions

Leo Butler (U. Edinburgh) Maslov cocycle 8 September 2 /29



Introduction Hamiltonian mechanics

Hamiltonian mechanics

Principle of Least Action

b
/ L(t,x,x)dt — min
a
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Hamiltonian mechanics

Principle of Least Action
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Minimisers solve Euler-Lagrange equations

do_ol
dt 0x  Ox’
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Introduction Hamiltonian mechanics

Hamiltonian mechanics

Principle of Least Action

b
/ L(t,x,x)dt — min
a

Minimisers solve Euler-Lagrange equations
d oL 0dL
dtox  Ox’

Equivalent to Hamilton's equations

L_OH . OH
“op PT Tk
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Introduction Hamiltonian mechanics

Hamiltonian mechanics

Poisson bracket {, }:

which implies Hamilton's equations

: oH . oH
X:{X7H}:8_p7 p:{p,H}:_a_X

on

T*M = {(x,p) : xis a point on M, p is a momentum vector }.
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Introduction Integrability

Integrability

F and H Poisson commute if {F, H} = 0.
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Introduction Integrability

Integrability

F and H Poisson commute if {F,H} = 0.

Theorem (Liouville-Arnold-Mineur)

Let H= F1,--- , F, be n Poisson commuting, independent functions. If
Te=F Ya)n--NF Y e)

is a compact, non-empty, regular level set, then
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Introduction Integrability

Integrability

F and H Poisson commute if {F,H} = 0.

Theorem (Liouville-Arnold-Mineur)

Let H= F1,--- , F, be n Poisson commuting, independent functions. If
Te=F Ya)n--NF Y e)

is a compact, non-empty, regular level set, then
e T, is diffeomorphic to the n-torus T" ;
e there is an open neighbourhood of T, diffeomorphic to T" x R";

e there are coordinates (0, 1) such that

e each F; = Fi(I);
e each vector field is linear
, _ OF;(1)

0= el I =0.
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Introduction Integrability

Toda Lattices

Potential energy:
V =exp(x — y) + exp(y — z) + exp(z — x).
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Introduction Integrability

An example

1
H= E(pﬁ +p, P+ e+ e

F = pxpyp; — € 'p; — e
G =px+tpy+p:

Z—X 4
py — € “px

34
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Introduction Integrability

An example

1
= E(pﬁ + P2+ pI)t e+ et

F = pxpyp; — € 'p; — e
G =px+tpy+p:

Z—X 4
py — € “px

DR o e N W
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Introduction Integrability

An example

1
= E(pﬁ + P2+ pI)t e+ et

F = ppyp: — € Vp, —e* *p, — & ?p,
G =px+tpy+p:

S YN
— T T

34
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Introduction Integrability

An example: what accounts for these integrals?

pX eX—y eZ—X 1 O eX—y _eZ—X
L={e™7r p, 7% M = 5 X |—eX7Y 0 ey =%
eZ—X ey—Z pz eZ—X _ey—Z O

Hamilton's equations are equivalent to

L=[L M

which implies that

Trace L Trace L? Trace L3
= G, = 2H’ =

are integrals.
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Topological Obstructions to Integrability | 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.
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Topological Obstructions to Integrability | 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.

Non-degenerate: F is a Morse-Bott function.
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Topological Obstructions to Integrability | 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.

Non-degenerate: F is a Morse-Bott function.

Theorem (Paternain, Moser)

In addition,
the topological entropy vanishes.
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Topological Obstructions to Integrability | 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.

Non-degenerate: F is a Morse-Bott function.

Theorem (Paternain, Moser)

In addition,
the topological entropy vanishes (= no horseshoes).
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Topological Obstructions to Integrability | 2 degrees of freedom

Graph manifolds

Building Blocks

Sk = 2-disk with k open disks removed,;
M, = S x St or S, xS1;
M = union of My, ..., My, glued along toral boundary.
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Topological Obstructions to Integrability | 2 degrees of freedom

Graph manifolds

Building Blocks
Sk = 2-disk with k open disks removed,;
M, = S x St or S, xS1;
M = union of My, ..., My, glued along toral boundary.

Examples
B S?xS'=D?xS'ujy D> x St
| S3=D?x S'ujy St x D?
T3,

no hyperbolic manifolds
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Topological Obstructions to Integrability 3 or more degrees of freedom

What about 3 or more degrees of freedom?

Significantly more difficult problem...
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Topological Obstructions to Integrability | 3 or more degrees of freedom

What about 3 or more degrees of freedom?

Significantly more difficult problem...

Theorem (Taimanov 1988)

Let (M", g) be a compact, real-analytic riemannian manifold. If the
geodesic flow is real-analytically integrable, then

bi(M) < n;
m1(M) is almost abelian;
there is an injection H*(T?) — H*(M).
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Topological Obstructions to Integrability | 3 or more degrees of freedom

What about 3 or more degrees of freedom?

Significantly more difficult problem...

Theorem (Taimanov 1988)

Let (M", g) be a compact, real-analytic riemannian manifold. If the
geodesic flow is real-analytically integrable, then

bi(M) < n;
m1(M) is almost abelian;
there is an injection H*(T?) — H*(M).

Theorem (Paternain)

If H:(M?" w) — R is completely integrable with non-degenerate
integrals, then its topological entropy vanishes.
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First counterexamples
Bolsinov & Taimanov's Example

Theorem (Bolsinov & Taimanov)

Let ¥ be a T?-bundle over T'. There is a natural riemannian metric on ¥
whose geodesic flow is completely integrable. If the gluing map is
hyperbolic, then the geodesic flow has positive topological entropy.
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First counterexamples
Bolsinov & Taimanov's Example

Theorem (Bolsinov & Taimanov)

Let ¥ be a T?-bundle over T'. There is a natural riemannian metric on ¥
whose geodesic flow is completely integrable. If the gluing map is
hyperbolic, then the geodesic flow has positive topological entropy.

There are two real analytic integrals, but the third is only smooth.
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Results in 3 degrees of freedom Geometrisation Conjecture

Geometrisation Conjecture

3 model geometries in 2 dimensions:
E? H?
52
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Geometrisation Conjecture

3 model geometries in 2 dimensions:

E? H?
52
8 model geometries in 3 dimensions:
E3 H3
S? x E! H? x E!

s SL,R
Nil

Sol
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Results in 3 degrees of freedom Geometrisation Conjecture

Geometrisation Conjecture

3 model geometries in 2 dimensions:

E? H?
52
8 model geometries in 3 dimensions:
E3 H3
S? x E! H? x E!

s SL,R
Nil

Sol

Conjecture (Thurston)

Each compact 3-manifold admits a canonical decomposition into complete,
finite-volume geometric 3-manifolds.
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Results in 3 degrees of freedom Geometrisation and Integrability

Results in 3 degrees of freedom

Definition (Semisimplicity)
Let

T [ L o) Ty

ﬁf

be a lagrangian fibration. IfT = T*M — L is a closed, nowhere dense
tamely-embedded polyhedron, then we say (f, L, B) is semisimple.
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Results in 3 degrees of freedom Geometrisation and Integrability

Results in 3 degrees of freedom

Definition (Semisimplicity)
Let _
T [P ey T

g

be a lagrangian fibration. IfT = T*M — L is a closed, nowhere dense
tamely-embedded polyhedron, then we say (f, L, B) is semisimple.

Examples.
a real-analytic singular lagrangian fibration
a smooth singular lagrangian fibration with a real-analytic singular set

the Bolsinov-Taimanov example
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Results in 3 degrees of freedom Geometrisation and Integrability

Results in 3 degrees of freedom

Theorem (B. 2005)

Assume the GC. A compact 3-manifold admits a riemannian metric with a
semisimple geodesic flow iff it admits one of five geometric structures:

ES, S? x E!, S8, Nil, Sol.
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Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

= There is a subspace Ly C L s.t. m1(Lo) — m1(M) is almost onto and
T——"Ll—>M
i@:ﬂm
By

is a lagrangian fibration over a surface By.

Leo Butler (U. Edinburgh) Maslov cocycle 8 September 16 / 29



Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

=
There is a subspace L; C Lg s.t. m1(L1) — 71(M) is almost onto and

T3( L]_ M

ifl=f|l-1

81251

is a lagrangian fibration over a circle By C By.

Leo Butler (U. Edinburgh) Maslov cocycle 8 September 16 / 29



Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

=
There is a subspace L; C Lg s.t. m1(L1) — 71(M) is almost onto and

T3( L]_ M

ifl=f|l-1

81251

is a lagrangian fibration over a circle By C By.

m1(L1) = Z3 % Z is solvable so 71(M) is almost solvable.
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Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

=
There is a subspace L; C Lg s.t. m1(L1) — 71(M) is almost onto and

T3( L1 M

ifl=f|l-1

81251

is a lagrangian fibration over a circle By C By.
m1(L1) = Z3 % Z is solvable so 71(M) is almost solvable.

If mo(M) = 0, Hempel-Jaco implies M is the connect sum of a
geometric manifold with a homotopy sphere.
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Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

=
There is a subspace L; C Lg s.t. m1(L1) — 71(M) is almost onto and

T3( Ly M
ifl=f|l-1
Bl ~ 51
is a lagrangian fibration over a circle By C By.

m1(L1) = Z3 % Z is solvable so 71(M) is almost solvable.

If mo(M) = 0, Hempel-Jaco implies M is the connect sum of a
geometric manifold with a homotopy sphere.

@ Otherwise, (Agol) GC implies that M admits S? x E geometry.
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Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

The real-analytic complete integrability of the geodesic flows of the
compact geometries modeled on E3, 2 x E, S3 is well-known.
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Results in 3 degrees of freedom Geometrisation and Integrability

Sketch of proof

=

The real-analytic complete integrability of the geodesic flows of the
compact geometries modeled on E3, 2 x E, S3 is well-known.

The semisimplicity of the geodesic flows of Nil-geometry is proven by
(B.) and that of Sol by (Bolsinov-Taimanov).
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Exotic Spheres and Topological Manifolds Exotic Spheres and Tori

Exotic spheres and Tori

Milnor (1956) discovered 7 non-diffeomorphic smooth structures on
the topological 7-sphere.
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Exotic Spheres and Topological Manifolds Exotic Spheres and Tori

Exotic spheres and Tori

Milnor (1956) discovered 7 non-diffeomorphic smooth structures on
the topological 7-sphere.

Milnor-Kervaire/Eels-Kuiper proved there are exactly 28 smooth
structures on S”.
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Exotic Spheres and Topological Manifolds Exotic Spheres and Tori

Exotic spheres and Tori

Milnor (1956) discovered 7 non-diffeomorphic smooth structures on
the topological 7-sphere.

Milnor-Kervaire/Eels-Kuiper proved there are exactly 28 smooth
structures on S”.

Wall showed that the smooth structures on the topological n-torus is
the group

group of exotic i-spheres, i # 4,

S OH(TRM)  Ti= _
P 0 i =4.
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Exotic Spheres and Topological Manifolds Exotic Spheres and Tori

Exotic spheres and Tori

Milnor (1956) discovered 7 non-diffeomorphic smooth structures on
the topological 7-sphere.

Milnor-Kervaire/Eels-Kuiper proved there are exactly 28 smooth
structures on S”.

Wall showed that the smooth structures on the topological n-torus is

the group
i HIT™T) r group of exotic i-spheres, / £ 4,
pard 0 i =4.

The group of smooth structures on T is the group of 28 smooth
structures on S”.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Theorem (B. 2007)

Let X be a smooth n-dimensional topological torus. If T*Y admits a
real-analytically completely integrable convex hamiltonian, then ¥ is
diffeomorphic to the standard n-torus.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Theorem (B. 2007)

Let X be a smooth n-dimensional topological torus. If T*Y admits a
real-analytically completely integrable convex hamiltonian, then ¥ is
diffeomorphic to the standard n-torus.

Remark

Real-analyticity may be weakened to (f, L, B)-semisimplicity plus 71(B) is
finite.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Theorem (B. 2007)

Let X be a smooth n-dimensional topological torus. If T*Y admits a
real-analytically completely integrable convex hamiltonian, then ¥ is
diffeomorphic to the standard n-torus.

Proof.

Claim: real-analytic integrability implies there is a lagrangian torus F s.t.
p is a diffeomorphism:

FC incl. T*y
NS
P
>,
We show deg p # 0, use a result of Viterbo's that deg p # 0 implies p is a
covering map, then use a cohomology argument to show p is 1 — 1. Ol
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Proof.
Taimanov's argument implies that there is a lagrangian torus F s.t.

m(F) 2> m (%)

has a finite index image.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Proof.
Taimanov's argument implies that there is a lagrangian torus F s.t.
Px
m1(F) —=m(X)

has a finite index image.
Wall: smooth structures on a topological (=PL) n-torus are classified
by a class

o€ ®H(L;T)) I, = m;j(PL/O) finite,

which is natural with respect to covering maps.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Proof.
Taimanov's argument implies that there is a lagrangian torus F s.t.

m(F) 2> m (%)

has a finite index image.
Wall: smooth structures on a topological (=PL) n-torus are classified
by a class

o€ ®H(L;T)) I, = m;j(PL/O) finite,

which is natural with respect to covering maps.
Pullback to a covering
@

Fre——— Ty — > T*% oF

tpr=incl. tp=incl.
P .
p

Y ———— 1.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Maslov cycle

Figure: The Maslov cycle
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Theorem. (Viterbo, 1991)
Let be Y’ be diffeomorphic to the standard n-torus. If F’ is a
lagrangian torus, and deg p’ # 0, then the Maslov class of F’ vanishes.

F' o T/

tpr=incl.
' =proj.
p/:ﬂ'/ LEr

z/

(Bialy & Polterovich) If F’ is convex, then p’ is a covering map.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Theorem. (Viterbo, 1991)
Let be Y’ be diffeomorphic to the standard n-torus. If F’ is a
lagrangian torus, and deg p’ # 0, then the Maslov class of F’ vanishes.

F' o T/

tpr=incl.
' =proj.
p/:ﬂ'/ LEr

z/
(Bialy & Polterovich) If F’ is convex, then p’ is a covering map.

p . .
—> F ——=1% s a covering map.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Let

a=MNf A = Liouville one-form of T*%

=+ a; op € /\l(F)A,al = dh,

where A = Deck(p).
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Let

a=MNf A = Liouville one-form of T*%

=+ a; op € /\l(F)A,al = dh,

where A = Deck(p).
[@ Foreachye A, x € F,

Qx — Y y(x) = dh] h"=h—ho~,
= (dxp)*(x —v(x)) from definition of a.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Let

a=MNf A = Liouville one-form of T*%

=+ a; op € /\l(F)A,al = dh,

where A = Deck(p).
[@ Foreachye A, x € F,

Qx — Y y(x) = dh] h"=h—ho~,
= (dxp)*(x —v(x)) from definition of a.

Since dx = x, s.t.

dh] =0 = 7(x) = x.

X
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Exotic tori and integrability

Let

a=MNf A = Liouville one-form of T*%

=+ a; op € /\l(F)A,al = dh,

where A = Deck(p).
[@ Foreachye A, x € F,
Qx — Y y(x) = dh] h =h—how,
= (dxp)*(x —v(x)) from definition of a.
Since dx = x, s.t.
dh] =0 = 7(x) = x.

X

B Therefore A =1 and p is a diffeomorphism.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Witten-Kreck-Stolz spaces

Let k,/ = 0 be coprime integers. Let

zZk 0
U:{[O z’] : |z|:1} C Uy x Us.

My = 3 xs°/U Witten-Kreck-Stolz space.

Let
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Witten-Kreck-Stolz spaces

Let k,/ = 0 be coprime integers. Let

zZk 0
U:{[O z’] ; |z\:1} C Uy x Us.

My = 3 xs°/U Witten-Kreck-Stolz space.

Let

Theorem (Kreck-Stolz)

There are 28 smooth structures on My 4. These structures are represented
by M32t+1’4 fort =0,...,27 mod 28.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Witten-Kreck-Stolz spaces

Let k,/ = 0 be coprime integers. Let

k
U:{[Z 0,] :|z\:1} C Uy x Us.
0 =z

My = 3 xs°/U Witten-Kreck-Stolz space.

Let

Theorem (Kreck-Stolz)
There are 28 smooth structures on My 4. These structures are represented
by M32t+1’4 fort =0,...,27 mod 28.

Theorem (B. 2007)

The riemannian metric on M. induced by the round metrics on S3x S
is real-analytically completely integrable.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Eschenburg-Kruggel Spaces

Let k,/ € Z3 with 3" ki = > ;. Let
Zho

Uy = zk ® zh Dzl =1 C Uy x Us.
k2 ZI2

This group acts on SU3 by

-1
u-g = uigty .

The action is free if k — o(/) is a primitive vector in Z3 for all
permutations o.

M) = SUz/ Uy Eschenburg space.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Condition C

Let k,/ € Z3. Define

ko—Tlo ko—h ko—h
A=|ki—lhh ki—h k—5b
ko=l ko—h ko—h
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Condition C

Let k,/ € Z3. Define
kh—l ko—h ko—»h

A=|ki—lhh ki—h k—5b
ko=l ko—h ko—h

Definition

(k, 1) satisfy condition C if A has at least one column or row with pairwise
coprime, non-zero entries.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Eschenburg-Kruggel Spaces

Theorem (Kruggel)

Let (k,1),(k',I") both satisfy condition C. My ; is orientation-preserving
homeomorphic to My iff

the ranks of H* are equal, the linking form is isometric, and the first
Pontryagin classes are equal; and

the second Kreck-Stolz invariants s, € Q/Z are equal.

My is orientation-preserving diffeomorphic to M,y iff, in addition,
the first Kreck-Stolz invariants s; € Q/Z are equal.
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Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

Eschenburg-Kruggel Spaces

Theorem (Kruggel)

Let (k,1),(k',I") both satisfy condition C. My ; is orientation-preserving
homeomorphic to My i iff

the ranks of H* are equal, the linking form is isometric, and the first
Pontryagin classes are equal; and

the second Kreck-Stolz invariants s, € Q/Z are equal.

My is orientation-preserving diffeomorphic to M,y iff, in addition,
the first Kreck-Stolz invariants s; € Q/Z are equal.

Theorem (Paternain-Spatzier 1994, Bazaikin 2000, B. 2007)
Every Eschenburg space admits a real-analytically completely integrable
geodesic flow.

(Numerically,) the topological Eschenburg-Kruggel space with

k= (-1,-1,2) and | = (—2,0,2) admits 28 distinct smooth structures.

Leo Butler (U. Edinburgh) Maslov cocycle 8 September 27 / 29




Exotic Spheres and Topological Manifolds Exotic Manifolds and Integrability

28 smooth structures on £_1 1.2

‘ ko kl /0 /1 51 mod 1 ‘ ko kl /0 /1 51 mod 1
—-29 10 -28 6 1 -21 -6 -—-18 —-10 0.5
-38 —-29 —66 22 0.96428 -5 -5 —6 —4 0.46428
—54 9 b2 4 0.92857 | —13 2 -8 —6 0.42857
-17 -17 -18 -16 0.89285 | -14 -5 —-16 —2 0.39285
-6 -3 -8 0 0.85714 -9 -6 -12 -2 0.35714
-17 -14 =22 -8 0.82142 | —-38 —11 —48 8 0.32142
-14 -5 -18 2 078571 | =22 —-19 —40 12 0.28571
-1 -1 =2 0 0.75 -22 -1 —-14 -12 0.25
-33 -6 -—42 20 0.71428 | =25 -1 =22 —6 0.21428
—-46 —-13 -32 -30 0.67857 | =54 -9 —68 30 0.17857
—22 5 =20 0 06428 | -39 -6 —-32 —-16 0.14285
—13 2 -—14 6 0.60714 | —-29 —-14 -32 —-10 0.10714
-38 —-11 —-40 -8 0.57142 | —11 1 12 4 0.07142
-22 -1 =26 12 0.53571 -9 -9 -10 -8 0.03571
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Continuing Questions
Questions

Are there completely integrable geodesic flows on exotic tori? Must
these have positive entropy?

Is it possible to give a description of the smooth invariant which
determines whether or not a topological manifold admits a semisimple
geodesic flow?

Must a real-analytically integrable system in dimensions 6 and more
have zero entropy?
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