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Abstract. This paper studies completely integrable hamiltonian systems
on T*X where ¥ is a T"*! bundle over T" with an R-split, free abelian
monodromy group. For each periodic Toda lattice there is an integrable
hamiltonian system on 7* X' with positive topological entropy. Bolsinov and
Taimanov’s example of an integrable geodesic flow with positive topological
entropy fits into this general construction with the A(ll) Toda lattice. Topo-
logical entropy is used to show that the flows associated to non-dual Toda
lattices are typically topologically non-conjugate via an energy-preserving
homeomorphism. The remaining cases are approached via the homology
spectrum. An energy-preserving conjugacy implies the congruence of two
rational quadratic forms over the unit group of a number field F. When F/Q
is normal a classification of flows is obtained. In degree 3, this results from
a well-known result of Gelfond; in higher degrees, the result is conditional
on the conjecture that a rationally independent set of logarithms of algebraic
numbers is algebraically independent over Q.

1. Introduction

Say that a smooth flow ¢, : M — M is integrable if there is an open dense
subset L C M such that L is covered by smooth coordinate charts (1, ¢) :
U — D“ x T? and the coordinate maps conjugate ¢, to a smooth translation-
type flow T, (I, ¢) = (I, ¢ + t&(1)). From this local form, it is tempting to
believe that integrable flows cannot be interesting from a dynamical point-
of-view. This paper constructs a family of integrable hamiltonian systems
with arich phase portrait. The topological classification of these flows relates
to an outstanding conjecture in transcendental number theory. To explain:
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Let I' < GL(n + 1;Z) be a rank n, torsion-free, abelian group that
splits over R and acts irreducibly on Z"*!. I" acts uniformly discretely on
S+l — R i T so let ¥ = £t/ be the compact real-analytic
quotient. Let ¥ be the basis of a root system of a simple Kac-Moody Lie
algebra of rank n.

Theorem 1. For each manifold X and root basis ¥ there are (n + 1)! real
analytic, polynomial-in-momenta hamiltonians H : T* X — R such that:

i. the hamiltonian flow, ¢;, of H is integrable;

ii. foreach A € I, the automorphism of T induced by A is a subsystem
Of(/)l;

iii. if¥ =AD or Dfi)z, then H is induced by a real-analytic riemannian
metric on X.

For each root basis there is a mechanical system, called a Bogoyavenskij-
Toda lattice,! that is completely integrable. The proof of Theorem 1 shows
that there is an open real-analytic set on which the lift of ¢, to T* 5 is semi-
conjugate to the flow of the corresponding Bogoyavlenskij-Toda lattice.

Root bases arise in the classification of simple Kac-Moody Lie alge-
bras [21]. It will be convenient to say that a root basis of rank n is a span-
ning set ¥ of an n-dimensional real euclidean space (h*, ({, ))) such that:
(RO) ¥ contains n+1 elements; (R1) forall distinctr, s € ¥,2((r, s))/|r|*> €
Z<o; and (R2) min,cy |r| = 1. For each root basis ¥ there are unique pos-
itive integers w, such that gcd (w, : r € ¥) = 1 and Zreq, w,r = 0. Let
w=Ilm(w, : r € ¥) and w, = w,/w. Let ¥, be a subset of ¥ that is
isometric to a root basis of a simple Lie algebra of rank n and let C denote
the Cartan matrix of ¥,,.

The flows in Theorem 1 enjoy an invariant set on which their topological
entropy can be calculated. X has the structure of a T"*! bundle over T” with
projection p. Let V = ker dp be the subbundle of vectors tangent to the T"*+!
fibres, and let V* C T*X be the annihilator of V. Let V = V- N H~'(3).
V is a compact invariant set, so let ¢,|V = @;,.

Theorem 2. The topological entropy of @ is:

> wr

rel

hiop(@1) = max =: h*. (1)
Icw

Clearly these flows, although integrable, have an interesting phase por-
trait.

Each flow from Theorem 1 can be normalized in a way that corresponds
to rescaling H so that the volume of V is unity. Let A be the normaliza-
tion constant, and t(F) denote the regulator of an algebraic number field
naturally associated with I". Then

! A Bogoyavlenskij-Toda lattice is called a periodic Toda lattice by some authors.
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Corollary 1.

F) 1" VZoh*
t()]fw )

hiop(P2) = [ (det C)2n

Hrellln w;|r|

Remark. When n = 1 and ¥ = A" = {1, -1}, X is the 3-dimensional
mapping torus of a hyperbolic toral automorphism, A € GL(2; Z), whose
eigenvalues have absolute value £*'. The number field F = Q(&), ©(F) =
|In&|, ¥, = {1}, w, = 1 forallr e ¥, C = [2], h* = 1 and A = |Iné&|.
Formula 2 gives h,,,(®;) = |In&]|. On the other hand, 'V is diffeomorphic
to X x {£1}. On X x {£1}, @, is conjugate to the suspension flow of A.
Since the suspension flow has topological entropy |In&|, this shows the
formula of Corollary 1 is correct in this simple case. This example was
studied in [5] by Bolsinov and Taimanov and is the first known example of
an integrable system with positive topological entropy.

There is a natural involution on the set of root bases, r — 7 = r/|r|>.
W and ¥ are said to be dual root bases; ¥ is self-dual if ¥ = ¥ The root
bases B,E]) and Agi)_l, C,(l]) and Dfﬁ:l, Fil) and Eéz), Ggl) and Df) are dual,
and all other root bases are self-dual. Theorem 2 and Corollary 1 allow us

to prove:

Theorem 3. Let [[u]] be the integer part of u. The following is a list of
h*(W) for each root basis V:

¥ (tank = n) h* ey, |wpr] w | detC hiop(®3)

AV =1 | ] 1 1 [ n+1 | wyr 2020

1

BV n>3 | Jn—1 23(i=1) 2 2 | ey 2n Jn =1
\/Z
2

eV n=2 22 2 2 o) Jn
DY, n=>4 2 23 2 4 |y 2n Jn=2
AP =2 Jn 25Gn=1) 2 2 w17 Jn
AP =3 nl =3 2 2 | wryn2n Ju—1
D?  n=2 Jn 25(1=1) 1 2 NG
GV, m=2 | 1/V3 673 6 1 o(I)7 2/37
AP (=1 1/V2 2 2 2 o(I)7 2
DY, (n=2) 1 23 2 1 o(I)r 2/31

FV n=4) | 1/V6 253 23| 1 o(I)7 2331
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W (rank = n) h* ey, lopr| w | detC Riop(®3)
EL, (n=6) 1/4/3 233 6 3 ()% 234
EP. n=4) | 1/V3 233 6 | 1 | wrroizd
ES, (n=7) 1/4/6 2532 12 | 2 | wyw2fizh
E. n=8) | 1/2J/15 273%5 2215 | 1 | o7 283855

Say that 4 € Homeo(7T*X) is energy-preserving if h({H, = %}) =
{Hy = %}. A priori, an energy-preserving conjugacy need not map V;
onto Vs, so the topological entropies of Theorem 3 are not obvious invariants
of energy-preserving conjugacy. Invariance is proven below (Lemma 21),
and thus:

Theorem 4. Let ¢ be a hamiltonian flow contructed from the root basis
Y, i = 1,2. If there is an energy-preserving conjugacy of (pt] with (ptz, then
either W, = ¥, or {¥,, ¥} = {Agl), Dfizl} or n is even and {¥;, ¥,} =
(40, )

Let A; be the normalization constant for ¢,. If there is an energy-
preserving conjugacy Of‘pi.z with (p%zt, then either ¥, = ¥ or W, = W, or

W, W e (€, A2, D) ).

To improve Theorem 4, we show that the homology spectrum of ¢' is the
graph of a quadratic form defined on H;(T* X’; Z), and an energy-preserving
conjugacy of ¢! with ¢? implies that the two quadratic forms are congruent.
Except when n = 2, resolution of the congruence question appears to be
connected to a conjecture in transcendental number theory, namely,

Gelfond conjecture. (c.f. [25]) Let 8 be a set of logarithms of algebraic
numbers. If 8 is linearly independent over Q, then 4§ is algebraically inde-
pendent over Q.

Theorem 5 and Corollary 3 rest, in fact, on a weaker version of Gel-
fond’s conjecture, namely that rational independence of logarithms of al-
gebraic numbers implies their homogeneous independence. On the other
hand, it is worth mentioning a more general conjecture due to Schanuel.
This conjecture says that if 8 C C is rationally-independent, then the field
Q(4, exp(4)) contains at least #48 algebraically-independent elements. The
analogous conjectures for certain function fields have been proven, but the
number-theory conjectures remain unproven [2,13,28,25].

The Gelfond conjecture and this paper are connected through the identi-
fication of a maximal-abelian subgroup of GL(n + 1; Z) with the unit-group
of a number field of degree n + 1. To explain, let F/Q be a totally real,
normal extension of Q of degree n + 1, let G be the Galois group of F/Q,
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let V. = RG be the group ring, let f = ) __ o and let V, = kert be
the augmentation ideal of V. Let G* be the basis of V* dual to G and
G= {6lv, : 0 € G}.Foreachx € QG/Qx, let R’; : V¥ — V7 be the linear
map induced by right-translation by x. In addition, let §2 := {w,r : r € ¥}
and let ®B be the subset of linear isomorphisms ¢ : V" — bh* which satisfy
qb(é) = §2. The hamiltonians of Theorem 1 are parameterized by ¢ € ‘B

— hence the (n + 1)! in the first sentence — so Hy (resp. (pf’) denotes the
hamiltonian (resp. flow) constructed with the bijection ¢. Finally, let O(hH*)
be the orthogonal group of (h*, ((,))). If ¢1, d, € B, when is there an
energy-preserving topological conjugacy of (pf" with (pf’z?

To answer the preceding question, recall that the unit-group of F is
a natural ZG-module. Let A C QG be the subring of elements that are
integral with respect to this representation. It is known that ZG + Qf C A
and (n + DA C ZG + Qr.

The following theorem, when n = 2, is a consequence of Gelfond’s
classical theorem that the ratio of logarithms of two algebraic numbers is
either rational or transcendental [15].

Theorem 5. If n > 3, assume the Gelfond conjecture. If the hamiltonian
flows of Hy, and Hy, are topologically conjugate by an energy-preserving
conjugacy then there is a unit r of the ring S, = A/Qt such that

n=¢ioR og;' € 0.

Theorem 5 shows how to define an equivalence relation ~ on ‘B that is
possibly coarser than the equivalence relation induced by energy-preserving
conjugacy. Section 4 proves

Corollary 2. Let F/Q be a normal cubic extension. If

1. ¥ = A(zl) or¥ = Cgl), then B contains a single equivalence class;
2. U= Ggl), then B contains 2 equivalence classes.

Corollary 3. Assume the Gelfond conjecture. Let F/Q be a normal totally-
real quartic extension. If

li G=Z,®Zyand ¥ = Agl) or¥ = B;l), then B contains 3 equiva-
lence classes;

lii G=Z,®7Zrand ¥ =C (1), then B contains 6 equivalence classes;

21 G=Zsand ¥ = A(31), then B contains 2 equivalence classes;

2ii G=Z4and ¥ = B;l) or¥ = C;l), then ‘B contains 3 equivalence
classes.

In both corollaries one also knows that if ¢; € B; — where ¥; are not
necessarily isometric —, then there is an energy-preserving conjugacy of gof"
with gosz iff &1 = ¥, and ¢ ~ ¢,. The conjugacies of Corollaries 2 and 3
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arise from a natural action of the Galois group G on 7*X and are analytic.
The sharpness of these results is due to the triviality of the unit group of S,
—itis just G + Qr.

Remark (c.f. Example 4 of Sect. 4.3). To illustrate the construction behind
Theorem 1 take the case where I is the group generated by

010 0 —11
A1=|:101] A2=|:—1 1 0]
011 1 00

I is conjugate by a T € SL(3; R) to the group I’ generated by

o 0 0 (0%) 0 0
£1=|:0 (6%} 0:|, £2=|:0 [0%] 0:|,
0 0 a3 0 0 oy
wherea; = ¢/+¢ 7/ for j = 1,2, 3and ¢ is a primitive 7-th root of unity and
oy = . Let N = T(Z?) and A = I'" « N so that T* ¥ = T*(A\R? x R?).
If the matrix M with columns M; is defined to be

M — In ;| Injas| In|os]
~ | Infaz| Injas| Injoyl |°

while (a, A, b + N, B) € T*R? x T*T? are the coordinates of P € TS
and v € R?, then
Ay(P) = (v, A), yi(P) = B} exp(2{a, My)),
define analytic functions on 7*X whose Poisson brackets are
{Av, Ay} ={yi, v} =0, {y;, A} =2(v, M) y;.

Let v; be vectors such that (v;, M;) = §; for i, j = 1,2. A calculation
shows that
H=A +AyA, + AL +Vi+ 1+

enjoys the first integrals
F= Ai] AUZ + AUI Aiz + Av] ()/2 - Vl) - sz (Vl + )/3),

and
f=(Un|By|,In|By|, In|Bs3]) + L,

where x € £ iff x; = a;In|o;| + axIna;y | and a; € Z. If f “extends”
smoothly to the set B B, B3 = 0—and itdoes —then one sees H is completely
integrable in the sense of Liouville. Indeed, what makes this construction
work is that there is a Lie algebra isomorphism

Av,- _)Ei’ Vj_>51,
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where §; = exp(2x;), 6, = exp(2x3), 83 = exp(—2x; —2x;) and (x;, &;) are
canonical coordinates on 7*R2. H is the pullback of the A(zl) Bogoyavlenskij-
Toda hamiltonian

T=E+&EE+E +8 48+,

and F is the pullback of a first-integral of ¥. H is, up to a scalar multiple,
one of the hamiltonians constructed in Theorem 1.

One notices an arbitrariness in the construction of H. If one takes a
permutation p of {1,2, 3} and uses the vectors v;, where (v;, M) = §;
for i, j = 1,2, in place of v; to define H, then the new hamiltonian H’
is integrable and looks very much like H. However, to determine if the
hamiltonian flow of H' is the same as that of H requires the more precise,
more intrinsic construction provided by algebraic number theory.

Similar comments apply to the Cg) and Gg) Bogoyavlenskij-Toda
hamiltonians.

1.1. Background

Before the 20-th century, mathematicians working on dynamical problems
were largely concerned with integrating differential equations. This point
of view is expressed in Liouville’s theorem concerning the integrability
in quadratures of an n-degree of freedom system with n involutive and
independent first integrals. The discovery of transverse homoclinic points
and the resulting dynamical complexity showed that integrable systems are
“rare.” And much work has gone into making precise the meaning of the
word “rare.” (c.f. [30,24,27]). Research on integrable systems went into
a lull until, in the 1960s, the partial differential equation that describes
a 1-dimensional shallow-water wave was shown to be integrable. Lax [26]
put the integrability of the KdV equation into perspective by showing that
the equations are equivalent to an operator evolution equation L = [L, A].
The eigenvalues of L are conserved quantities of motion.

Flaschka [14] showed that the equations of motion that describe n par-
ticles on the real line that interact via an exponential, repulsive potential
also enjoys a so-called Lax-pair presentation. Hénon [17] showed that these
first integrals are independent. This dynamical system, called the (periodic)
Toda lattice, also has a “continuum limit” which is the KdV equation [17].
Bogoyavlenskij exposed an underlying Lie-algebraic structure by showing
that a Toda-like lattice can be constructed for any set of admissible roots
of a simple Lie algebra [3]. Adler, Kostant and Symes built on this by
showing that Lie-algebraic structures also explain the integrability of the
Bogoyavlenskij-Toda lattices [22,1,38]. The subsequent literature on this
topic is enormous (c.f. [24,34]).

This paper originates from the following question: if X' is a C* mani-
fold, does the existence of a smoothly integrable geodesic flow on 7*X
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impose restrictions on the topology of X'? In the category of compact an-
alytic manifolds, the Kozlov-Taimanov theorem places strong restrictions
on m;(X) — it must be almost abelian — and on H*(X) [23,39,40]. In the
C* category, the potential pathology of the singular set of a smooth map
has frustrated a generalization of the Kozlov-Taimanov theorem [9]. Pater-
nain’s approach [31-33], based on the idea that integrable systems should
have zero topological entropy, has been vitiated by the surprising example
of Bolsinov and Taimanov which is smoothly integrable and has positive
entropy (c.f. [5,12]). In a couple important respects, the examples in this
paper are similar to those in [5,7-10].

1.2. Outline

Theorem 1 is proven by constructing a 2n + 1-dimensional solvable Poisson
subalgebra s of C*°(T*X). The Bogoyavlenskij-Toda hamiltonian and its
firstintegrals are located inside the symmetric algebra of s. This construction
provides only n + 1 involutive and independent first integrals, so we need an
additional n first integrals that are independent and commute with the first
n + 1. This is done by finding a second, n-dimensional abelian subalgebra
a of C*(T*X) that centralizes 5. The algebras s and a exist ultimately
because the universal cover X admits the structure of a solvable Lie group.
This observation is pursued in the Remark after the proof of Theorem 1,
where it is also shown how the constructions can be understood in terms of
the traditional momentum map.

In Sect. 3, the topological entropies of Theorem 3 are computed. Sec-
tion 4 uses asymptotic homology to prove the invariance of the entropies,
and the homology spectrum of the flows to prove Theorem 5 and its corol-
laries.

2. The construction
2.1. Poisson geometry and the momentum map

Recall a few important concepts. Let X' be a real-analytic (= C®) mani-
fold. The smooth functions on the cotangent bundle of X, C*°(T*X), has
two canonical algebraic structures: it is an abelian algebra when equipped
with the natural operations of point-wise addition and multiplication; and,
coupled with the canonical Poisson bracket, {, }, (C*°(T*X), {, }) isaLie al-
gebra of derivations of the algebra C*° (T* X'). A hamiltonian H € C*(T* X))
induces a vector field Yy := {., H}. We are interested in the situation
where Yy has “many” independent first integrals. If & C C*(T*X), let
d¥p =span{dfp : fe Flandlet Z(F) ={f € F : {F, f} =0}
Typically F is a Lie subalgebra of C*°(7*X'), and Z(¥") is the centre of F .
Let k = supdimd¥p, | = supdimdZ(F )p. Letussay P € T*X is F -
regular if there exist f1, ..., fiy € ¥ such that P is a regular value for the
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map F = (f1,..., fy)and fi,..., fi € Z(F); if P is not ¥ -regular then
it is & -critical. Let L(F) be the set of ¥ -regular points.
H will be proper for the purposes of this paper.

Definition 1. [c.f. [4]] Say that H € C*°(T*X) is integrable if there is
a Lie subalgebra ¥ C C*°(T*X) such that:

(11) H e Z(F);
(I2) k+ 1 =dimT*X and L(¥) is an open and dense subset of T* X.

We will say that ¥ is an integrable subalgebra. If ¥ = F NC“(T*X)
is also an integrable subalgebra and H € ¥ then we say H is real-
analytically integrable.

See [4] for an analogous definition and further explanation and refer-
ences. The usual definition of complete integrability or non-commutative
integrability are special cases of Definition 1 with & = span {f1, ..., fi}
and [ = k (resp. [ < k) and the regular-point set of F = (fi,..., fi) is
dense. Definition 1 is both more intrinsic, and more suited to the examples
of the present paper.

Definition 1 is equivalent to the integrability of the flow &, of Yy in
the sense of the first sentence of the present paper. To see this, let G be
the abelian group of C*° diffeomorphisms of 7*X generated by the com-
plete flows of Y, f € Z(F). The subalgebra Z(¥) defines a nonsingular
distribution on L(¥), and by the Sussman-Stefan orbit theorem [20], the
orbits of G are immersed C* submanifolds. Condition (I2) implies that
these orbits are actually embedded submanifolds of L(¥). Condition (I2)
and the properness of H also imply that for each point in L(¥ ), there is
a G-invariant open neighbourhood, U, and an action of T! on U, such that the
T’-orbits and G-orbits coincide. Since H € Z(F), the flow mapping ®; is
a l-parameter subgroup of G. Thus there is a C* atlas A = {¢ : U —
T! x D¥} of L(¥), where DX is an open disk in R¥, and 2 satisfies the
universal property that for all 1-parameter subgroups g’ of G and x € T,
yeDFgpogop(x,y) = (x + t&(y), y) where £ is smooth. From this
discussion it follows that L(¥) has a natural structure of a T/ bundle over a
smooth k-manifold B. It is possible that L(¥") is not a trivial bundle, as in
the examples of this paper.

2.2. Algebraic preliminaries

If I' is a subgroup of GL(n + 1; Z), let G be the semi-direct product of
I with Z"'If T is R-split and acts irreducibly on Z"*!, then there is a
totally real algebraic number field F of degree n 4 1, with integers @ and
unit group U, and an embedding of G into the semi-direct product of U
with @ [36]. It is apparent that the most natural way to construct the mani-
folds X is to employ algebraic number theory. Thus, let us record:
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Standing notation/hypotheses :

e F is a totally real algebraic number field of degree n + 1 over Q;

e E is the splitting field of F;

e G is the set of embeddings (Q-isomorphisms) o : F — R;

e O is the ring of integers of F and U is the group of units of O;

e V = @, Ro is the real vector space with basis G;

e ¢ : V — Riis the “augmentation map” that maps G to 1.

oV, = ZU’TeG R(o — 7) is the kernel of the “augmentation map”;

e (:U — V,is the “logarithm map” defined by £(u) =) Inlo(u)|o;
e 1 : O — V is the group isomorphism n(a) =) . o(@)o.

2.3. The configuration spaces X

The following are restatements of well-known facts from algebraic number
theory [29]:

Lemma 1. Let L = ¢(WU). Then L is a discrete, cocompact subgroup of
V, that is isomorphic to Z" and there is an index 2 subgroup U™ such that
£ Ut — L is an isomorphism.

Lemma 2. Let N = 1(0O). Then N is a discrete, cocompact subgroup of V.
Define an action of U on £ =V, @ V/N by:

wx (6, y +N) = @+ L), Y (y,6)ow)o +N), 3)
oeG

forallu € U,x € V,and y+ N € V/N. Since U is the unit group of @, this
action is well-defined and each u € U acts as an analytic diffeomorphism
of ¥. The action of U™ is free, cocompact and uniformly discrete so
¥ = U\ ¥ is a compact real-analytic manifold. Let A = U™ x O be
the semi-direct product of UT with @. It is clear that the fundamental
group of X' is isomorphic to A, and H,(X;Z) ~ L. It is also clear that
the covering 7 : > — X is the universal abelian covering of ¥, and the
deck-transformation group of 7 is L.

The covering map 7* ¥ — T*X will be denoted by 7. Let (x, y, X, Y)
denote canonical coordinates on T*% ,where x € V,, X € V¥, y € V/N
and ¥ € V*. The V,-valued 1-form dx and the V}-valued map X are

Ut-invariant (see next section), so the map P:7*> > T* V, given by
f’((x, v, X, Y¥)) = (x, X) descends to define a submersion P : T*X —
T*(V,/L) givenby P(A(x, y, X, %)) = (x+ L, X). The following lemma
is immediate:

Lemma 3. The covering I1 : T*% — T*X is the universal abelian cover-
ing of T*X. The deck transformation group Deck(II) is L. The projection
P: 7Y — T*(V,/L) induces a natural isomorphism of first integral
homology groups.
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Letu € Ut and o € G. The diffeomorphism of ¥ defined by equa-
tion (3) will also be denoted by u. Let y, := (y, &) denote the o-component
of y. It is immediate that

u*(dy;) = o(u) dy,. “4)

Let T*u be the canonical diffeomorphism of 7* 5 induced by u. Equation (4)
implies that

(T*u) Yo = o)™ Y, &)
where Y, = (o, Y) is the value of the covector ¥ evaluated at o.
Fix a positive integer b, , and define y,, : T*3¥ - R by
Yo = exp(20,(x,8)) Y. ©)

Equations (3) and (5) imply that y, is a U -invariant analytic function.
Hence, y,, will be regarded as an analytic function on 7% X.

Letb =lem(b, : 0 € G) and let ¢, = b/b,. Because ) _; 6]y, =0,
it follows that

k= v = Mycc Y2, (7)

defines an analytic function on 7*X.
For each v € V,, let X, be the induced linear function on V. X, defines
a function on 7*X, and

{Vaa Xv} = ZbU(v’ 6)%7- (®)
Equations (6) and (8) imply that

Lemma 4. The subspace s of C*(T*X) spanned by {y, : o € G} and
{X, : v e V,}isasolvable Lie subalgebra of dimension 2n + 1.

Let Sym(s) denote the symmetric algebra on s*; it is naturally viewed as
the set of functions on 7* X that are polynomial combinations of elements
in 5. Clearly, Sym(s) is a Lie subalgebra of C*(T*X).

2.4. The Lie algebras s and t

Let ¥ be a root basis of (h*, ({,))). For each r € ¥, define the function
8, = ¢} exp(2(q, 1)), )

for all ¢ € h and ¢, € R. For s € b, let & be the linear function on h*
induced by s. Let [, | denote the canonical Poisson bracket on h x h*, so
that:

[8r, &1 = 2(s, 1) 6, (10)

foralls € handr € ¥.Let & = T*h x R,
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Lemma 5. The subspacet C C*(&) spanned by the functions {5, : r € ¥}
and {&; : s € h}isa2n+ 1-dimensional solvable Lie subalgebra of C*(&).

Let Sym(t) be the symmetric algebra of t*. Sym(t) contains the distin-
guished Bogoyavlenskij-Toda hamiltonian:

1
T(q.£.0) = SUEE) + ) 5 (11)

rey

The complete integrability of the Bogoyavlenskij-Toda lattices is by no
means obvious. Here is a sketch of this fact, based on Bogoyavlenskij’s
generalization of Flaschka’s transformation, which also shows that the in-
tegrals lie in Sym(t). View ) as the real part of a Cartan subalgebra of
a simple Kac-Moody algebra g. For each root r € ¥, there are elements e,
such that [h, ey, ] = F(h,r)ey, for all h € h. Let « : h* — b denote the
linear isomorphism induced by the Cartan-Killing form ((, )). Hamilton’s
equations for ¥ are equivalent to the Lax equations L = [L, A] where
L=«ktE+),.p8e,+e A=—kE—cande =) _,e . From this it
follows that Trace p(L)* is a first integal of ¥ for any representation p of g.
These integrals suffice for the complete integrability of ¥. It is also apparent
that these first integrals are polynomials in & and §,. See [3,34] for further
information.

Let J denote the algebra of integrals of ¥ contained in Sym(t). The
following lemma is immediate:

Lemma 6. Let L(J) C & be the set of regular points of J. Then L(3J) is
an open, real-analytic set.

Let w, := w,/w for each r € ¥, where w = lem(w, :r € ¥). Let ¢ be

a linear map ¢ : V; — b* that is also a bijection from Gto Q2 = {wr:
r € W} Write

(&) = w,r, (12)

and let ¢’ : h — V, denote the transpose of ¢. The map @ : t — s induced
by ¢ is defined by

D(8,) == Vs, (13)
D(&) == Xy, (14)

where ¢(6) = w,r and v = ¢'(s).

Lemma 7. @ is a Lie algebra isomorphism iff for all 0 € G, b, = w/w,
where r € W is the unique root such that ¢(6) = w,r.

Proof. ®([8,, &1) = 2(s, r)y,, while {@(6,), P(&,)} = 2b, (v, &)y, where
¢(6) = w,r and v = ¢ (s). On the one hand, b, (v, &) = b, (¢ (s), &) =
bsw, (s, r), while on the other hand, we require that b, (v, 6) = (s, r). This
proves the assertion.
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Since w is the Icm of the integers w,, b, is an integer and so the functions
¥, are real-analytic for all 0 € G. Thus @ extends to an isomorphism —
denoted also by @ — of the respective symmetric algebras. There are a num-
ber of distinguished elements in Sym(s). To describe the most important
one, let « : h* — h be the linear isomorphism induced by ((, )), and define
Q=¢kp:V: — V, Let H= ®(%); H is written as

1
H=2(@%, X)+ ) ¥ (15)
oeG

1
= S(@X, %) + 2 exp(2b, (x, 6)) Y2

Remark. An inspection of Figs. 3 and 4 shows that the only root bases

for which w, = 1 for all r are the root bases A,g]) and Dﬁl. Therefore,
these are the only root bases for which the hamiltonian H is a fibre-wise
positive-definite quadratic form.

It is also apparent that the definition of @ and H is unique up to the
choice of bijection ¢. We return to this in Sect. 4.

2.5. The algebra a of first integrals

Let § = IT*s. Since the functions in § are independent of y, the conjugate
momenta Y are first integrals of . Thus:

Lemma 8. {Y,,5} =0 forall w € V, where Y, is the linear function on
V* induced by w.

Let={PeT*Y : IT,cg yy # 0}. For P € 4, let
fP) =" n|Yolo + L. (16)
oeG

Lemma9. f : 4 — V/Lisan analytic submersion.

Proof. It suffices to show that f is well-defined. From the description of
the action of U (Equation (5)) and the definition of 4, it is clear that f is
well-defined.

Let C;°(V/L) be the set of smooth functions on V/.L£ with compact
support. Let F C C*°(R) be the set of functions which vanish on (—o0, c]
for some ¢ > 0. Let

a = span {g : 8(P) = @p(k(P)) ho f(P)where h € Ci°(V/L), ¢ € F}

Lemma 10. ais an abelian subalgebra of C*°(T* X') that commutes with s.
Moreover, dimdap =n + 1 forall P € 4.
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Proof. From the definition of k (Equation (7)) it is apparent that {k 7= 0}
= 3. Therefore, if g € a and g(P) = ¢(k(P)) h o f(P), then ¢ o k vanishes
to all orders on an open neighbourhood of 41°. Since & has compact support,
it follows that g is smooth. Thus a C C>*(T*X).

Since any function in [7*a is a function of Y alone, a is commutative
under the Poisson bracket. Lemma 8 implies that {a, s} = 0.

Let P, € 4 and let k(P,) = c. Since ¢ > 0, there is a ¢ € F that is
identically 1 on [%c, 3¢]. Let D C V/.L£ be a small open disk around f(P,),
andlet U C il be a small open disk around P, such thatk(U) C [%c, %c] and
f(U) C D. The multi-valued function In |Y,| can be made single-valued
on D by choosing a particular lift of D to V. Let &, be a smooth function in
Cy°(V/ L) thatextends In | Y, | on D. Finally, let g, (P) = ¢(K(P)) hyo f(P);
it is clear that g, € a for all 0 € G and it is also clear that span {dg, , :
o € G} = imdfp for all P € U near P,. Since P, € | was arbitrary, the
previous lemma implies that dimdap = n + 1 for all P € 4.

Lemma 11. Let f = a+s. Then dimdfp = 3n + 1 forall P € 4.

Proof. Let dx, be the 1-form on V,/.L induced by & on V,. The sole linear
dependence relation amongst these 1-forms is ) __. dx, = 0. From the
Equation (6) and the definition of s,

dsp = span {dX,, dx, +dIn|Y,| : ve V), o e G},

for all P € . This shows that dimdsp = 2n + 1.
On the other hand, the previous lemma showed that

dap =span{dIn|Y,| : o € G}.

It is clear that dap Ndsp = span{)_ ., dIn|Y,|} = span{dk} and is
1-dimensional. Since dap has dimension n + 1, the lemma now follows.

Proof of Theorem 1, parts (i) and (ii). Fix the root system ¥, the linear
isomorphism ¢ : V) — b* (Equation (12)) and hence the isomorphism
@ : Sym(t) — Sym(s) (Equation (13)). Let b = @(J) C s be the algebra
of first integrals of H obtained from the Toda first integrals. Let # = a+b.
The ¥ -regular-point set L(J) is an open real-analytic set (Lemma 6) and
on this set dimdJ = n. In addition, dbp N dap = {0} since the Toda
hamiltonian possesses no non-trivial first integrals that are functions of the
potentials §, alone. It follows from the previous lemma that L(¥) is an
open real-analytic set and that dimd¥p = 2n 4+ 1 = dim X. Since H is
a proper function and # is abelian, conditions (I1) and (I2) of Definition 1
are satisfied. This proves part (i).

Part (ii) is proven in the remark immediately following Lemma 7.

Part (iii) is proven in Sect. 3.
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Remark. There is an alternative proof of Theorem 1 that proceeds by not-
ing that V, x V admits the structure of a solvable Lie group & where
multiplication is defined by:

(r, y) * (', y) o= (e + ',y + Z exp((x, 6)) y, 0), 17
oeG

forall x, x' € V,and y, y € V. A finite-index subgroup, A;,of A = UTx @
embeds as a discrete, cocompact subgroup of & so X' is finitely-covered
by A;\&. The linear space Lie(&)* can be identified with V} @ V*, so the
momentum map of &’s left (resp. right) action on 7*@&, in the coordinates
P=(x,y X,Y),is:

YL(P) =X &) exp({x,6)) Yo 6, (18)
oeG
YR(P) = | X+ Yoot | ® Y. (19)
oeG

Let 5 (resp. @) denote the algebra s (resp. a) lifted to 7*&. Let o?% be the
polynomial function on Lie(&)* defined by 62?7 (X @ Y) = (o, Y)?>. Let
s, C C®(Lie(&)*) be the subalgebra spanned by V, and {c%** : o € G}.
Then it is clear that 5 = v/} 5,.

On the other hand, if we let identify C*°(V*) with the abelian subalgebra
of C*°(Lie(&)*) generated by the linear functions V, then a is a subalgebra
of YrC® (V™).

Finally, the coadjoint orbits of & in Lie(&)* are non-naturally identified
with the so-called “Toda” orbits in the loop algebra £(g) via the map ¢
(see [34]). It follows then that b = Y7 (1), where t C C*™(£(g)*) is the
algebra of integrals of the Toda lattice.

3. Entropy and the dynamics on the singular set

Let H = [T*H € C*(T*%) denote the hamiltonian induced by H (Equa-
tion (15)) and let V* = IT~!'(V1). The hamiltonian flow of H is
G, y+N,X,0) =(x+1t@X,y+N, X, 0), (20)
forall P = (x,y + N, X,0) € VL. Thus ¢, |{X = const., Y = 0} is
topologically conjugate to the flow ¢; : > — ¥ defined for all (x, y + N)
e by
¢/ (x,y+N)=(x+mw,y+N), 21

where v = @X. Both flows are U -equivariant and the conjugacy factors
through U*. Let ¢ : ¥ — X be the flow induced by ;. Part (iii) of
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Theorem 1 now follows by taking v € £ and ¢j restricted to the invariant
fibre V/N = p*] (0+ L£). In addition, the topological entropy of @; = ¢,|V
is

hop(@D) = max (@), (22)
Lemma 12.
hiop(@}) =Y (v, 6), (23)
oeG

where ut = %(u -+ |u)).

Proof. Let ¢; : > — X be the flow on the universal cover of ¥ induced
by @;. According to the remark after the proof of Theorem 1, >=V,xV
admits the structure of a solvable Lie group &. Let R, (x, y) = (x + v, y),
L,(x,y) = (v,0) x (x,y) and let A, = R, o L_,. The transformation
R, : 6 — G isright-translation by the element (v, 0), L, is left-translation
by the same element and A, is an inner autmorphism of &. Then ¢} = L, A,
can be written as an affine transformation of &. Assume first that A embeds
as a subgroup of G so that ¥’ = A\G. By Theorem 20 of [6] and the
following remark, /., (¢]) = hy,,(A,). By the Bowen formula, Corollary 16
of [6], hy,(Ay) 1s the sum of the positive logarithms of the eigenvalues of
dA,|T,S. From the explicit form of multiplication in & (Equation (17)),
this is /110y (Ay) = DV, 6)7T.

In the general case, there is a finite index normal subgroup A; of A
that embeds in &. @] covers a diffeomorphism A of X := A\&. The
previous paragraph shows that 4,,,(A) is given by the right-hand side of
Equation (23). Since A covers ¢] and A/A; is a compact group, their
entropies are equal by Theorem 19 of [6].

Here is a more amenable form for Equation (23). Let s = «¢(X) and
v = @X, then ((s,s)) = (@X, X) and (v, &) = (s, w,r) where ¢p(6) =
w,r. Equation (23) implies that

htop(él) = max] Z (s, U)rl">+.

({s,5))= o

For each subset I C ¥, let r; := Zre[ w,r, where a sum over the empty
set is zero. Let 4 : h — R be defined by h(s) = ),y (s, w,r)t. It is
clear that h(s) > (s, ry) for all J C ¥, and that there is an I = I(s) such
that 2 (s) = (s, ;). The maximum value of /& on the unit sphere, call it h*,
is therefore the maximum over all subsets / of ¥ of the maximum value
attained by r; on the unit sphere. Since the latter is |r;|

> ur

rel

LetH(I) :=|)_,.; w,r|foreach I C ¥. Then

— max
Icy
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Lemma 13. |
h* = hyp(P1) = —max H(J).
w ICw

3.1. Calculation of h*

We will now compute H* = max{ H(/) : I C ¥ }, hence h*, for each root
basis. To derive H* a few lemmas are needed that give necessary conditions
for a set / to be a maximum point for H. Before stating these lemmas, recall
that for each root basis ¥ there is a labeled graph 1 (¥), called the Dynkin
diagram, whose vertices are the points of ¥. A pair of distinct vertices r, s
have 4((r, s))2/|r|2|s|2 edges connecting them, and if || > |s| then there is
an arrow pointing from r to s. The vertex r has the label w,.

Let I C ¥ be non-empty. The restricted Dynkin diagram of I, I'(1), is
the labeled subgraph of I'(¥) that contains all vertices in / and edges (7, s)
if r,5 € I. For each v € ¥, let ST(v), called the star of v, be the labeled
subgraph of I(¥) that contains v, all vertices r € ¥ such that ((r, v)) # 0
and all edges incident to v. ST(v, I) = ST(v) N I'({) is the star of v in I,
and VST(v, I) denotes the vertex set of ST(v, I) less {v}.

Let H(/) = H(/)? and let H* = max{H(/) : I C ¥}. Since

H(I) =) ww(rs)),

r,sel

if v € I, then one has

H) =HUI - {w) +o, [wo + > 20((wr)]. @4

reVST(v,1)

The following is a trivial consequence of the linear dependence relation
e @7 =0
Lemma 14 (Complementarity principle). H(/¢) = H(/).

Lemma 15. (see Fig. 1) Assume that a, b, c,d > 0. Let

Li b<aand ST, I) =11i;

Lii b <2aand ST, I) = Lii;

Liii b <3aand ST(v, I) = Liii;

Liv b <aandST(v, 1) =1liv;

ILv b<aandST(v,I) =1Lv,

I b<a +cand ST, I)=11;

M b<a+c+dandST(v,I)=1I;
IV b<2a+cand ST, 1) =1V;

\% b<a+cand ST(v,1) = V;

VI 2b<2a+c+dandST(v,I) = VI;
VII b <2a+2cand ST(v,I) = VII;
VIII 3b <3a+ cand ST(v, I) = VIII;
IX b<3a+cand ST, 1) =1X;
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Y]

1

VI

V)

Fig. 1. Vertex stars

Then H(I — {v}) > H(I) with equality (resp. strict inequality) implying
equality (resp. strict inequality).

Proof. Case (Li). From the Dynkin diagram (Fig. 1) and Equation (24),
H() =H{ —{v}) +b (b|v|2 + 2a (v, r))). Since only one edge joins r

to v, r and v have the same length. This forces 2((v, r)) = —|v|*. Thus:
H(I) = H(I — {v}) + b(b — @)|v]* < H( — {v}).
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Cases (1.ii—IX) are proved similarly.
Say that I € H™' (H*) is a maximizer.
Lemma 16. [f I C V¥ is a maximizer, then for all v € 1, ({v, I)) # O.

Proof. Ifthereisa v ¢ I such that ((v, I)) = 0, then Equation (24) implies
H(I U {v}) = H(I) + b?*|v|*> > H(I).

Lemma 17. Let ST(v, ¥) € {II, ... ,IX}. If I is a maximizer, then either
velorrel.

Proof. Ifr,v & I, then ((v, I)) = 0, which contradicts the previous lemma.

Lemma 18. If I is a maximizer, then for each v € I, ST(v, I) has one of
the following restricted Dynkin diagrams (see Fig. 2).

b b

Li) O—O

Fig. 2. Vertex stars in a maximizer

Proof. Let I be a maximizer. If ST(v, I) = I for all v € I, then there is
nothing to prove. Therefore, assume that 7(/) contains a subgraph with one
or more edges. First, we consider the case when I'(/) contains a subgraph
with two or more edges. By inspection of the Dynkin diagrams in Figs. 3
and 4 there is a v € I such that ST(v, I) € {II, ... , IX} for some choice of
coefficients a, b, ¢ and possibly d. Henceforth, we will agree that d = 0 if
ST(v, I) contains only three vertices. Inspection of Figs. 3 and 4 shows that
if ST(v, I) € {11, ... ,IX}, then b < a + ¢ + d; and strict inequality occurs
in all cases except when b = 2 and @ = ¢ = 1 and ST(v, I) € {II, IX}.
On the other hand, if ST(v, I) ¢ {VI, VIII}, then Lemma 15 implies that
H(/ — {v}) > H(/) with strict inequality in all but the case of Il with b = 2
and ¢ = ¢ = 1. Since [ is a maximizer, it follows that either ST(v, I) €
{VL, VIll} or ST(v, I) =1, b =2,a =c=1and H(I — {v}) = H(]).

If ST(v, I) = VI, then ¥ = VI = B{". In this case « = b = 2 and
c=d = 1and2b < 2a+c+d. Lemma 15 implies that / is not a maximizer.

If ST(v, I) = VIII, then ¥ = VI = G{". In this case a = 3, b = 2,
c=1,d =0and 3b < 3a+ c. Lemma 15 implies that / is not a maximizer.

If ST(v,I) =1l and b = 2, a = ¢ = 1, then by inspection, ¥ is one of
BV, DIV or A(Zi)—l and we can assume that the vertices enjoy the numbering
(r,v,s) = (1,2,n + 1). Then r, s are orthogonal to /¢ so by Lemma 16 /¢,
hence I, is not a maximizer.



534 L.T. Butler

Therefore, if / is a maximizer then /(1) contains no subgraphs with two
or more edges.

Assume now that / is a maximizer with a vertex v such that ST (v, I') con-
tains only two distinct vertices. It follows that ST (v, I') € {L.i, ... , Lv, A(ll),

A(zz)}. In the latter two cases ar + bv = 0 so [ cannot be a maximizer.
Assume that ST(v, I) € {Lii, Liii}; the above observations imply that
ST(r, I) € {Liv, L.v}. Since H(/) > H(I/ — {v}), Lemma 15 implies that
b > ka where k = 2 or 3. On the other hand, since H(/) > H(/ — {r}),
Lemma 15 implies that a > b. Thus a = 0. Absurd. By symmetry, we
conclude that ST(v, I) ¢ {L.ii, ..., Lv}. Thus, the only possibility is that
ST(w,I) =1i,b=aand |v| = |r|.

Recall that a graph has a natural topological structure of a simplicial
complex:

Lemma 19. Let v € W. There is a maximizer J such that I'(J) is totally
disconnected and v € J.

Proof. Let I =: Jy be a maximizer; since /¢ is also a maximizer we can
assume that v € Jy. Let Jo = Ay U By where r € Ay (resp. r € By) iff
ST(r, Jo) = I (resp. ST(r, Jy) = Li). For each r € By there is a unique
s = s, € By, s # r,such that ST(r, Jy) = ST(s, Jy). If By = @, then we let
J = Jy; otherwise, let r € By be such that r # v and let J; := Jy — {r}. By
Lemmas 15 and 18 J; is also a maximizer and v € J;. If J; is decomposed
into the sets Aj, B; as above, then B; obviously has 2 fewer elements
than By. Thus, this process inductively yields a maximizer J such that I(J)
is totally disconnected and v € J.

Recall the notion of duality between root bases: let # = r/|r|* for each
rew. Theset ¥ = {r : r € ¥}isaroot basis, too; it is the dual of ¥ [16].
Note that # = r for all . The labels on I (ljf) satisfy wy = n|r|*w, for each
r € ¥, where 7! = ged(|r]?w,),cw. We will also let @, = |r|>w, so that
w; = ne, and &,F = w,r for all r. It follows that H(I) = | Y, wi#* =
n?H(I), h* = Enh* and IT,¢f |wiF| = n'!! IT,<; |w,r|. Note that the Dynkin
diagram of ¥ is obtained from I'(¥) by reversing all arrows and relabeling
the vertex r with w;. This implies that the Cartan matrix of ¥ is the transpose

of that of ¥.

Finally, note that if ¥ = Br(l]), C,(l]), Fil), G(zl) then ¥ = Agi)_l, Dﬁl,

Eéz), Df); all other root systems are self-dual.

Proof of Theorem 3. We will show the proof for B{" only. The remaining
cases are similar and/or handled by the foregoing lemmata.

By Lemma 19, we can assume that / is a maximizer containing r; such
that I(/) is totally disconnected. Then r,y; € I and r, ¢ I. There are
two mutually exclusive possibilities: (i) either r,_; € I; or (ii) r, € 1.
In case (i) we conclude that r,,, r,_» € I so the Dynkin diagram of I’ =
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)

m>1

B 0>3)

M
= m>2)

(0>4) ===

)

Fig. 3. Dynkin diagrams of rank 7, type g
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2 3
£y O—0O—CEHO)—0

S
e

Fig. 4. Dynkin diagrams of rank 1, types g® and g©®

I — {ri,rye1, rp1} i % 2 Since [ is totally disconnected, H(/) =
H(') + H{ry, ruq1, ra_1}); since I is a maximizer, I’ is a maximizer in the
subgraph with vertices r3, ... ,r,—3. If n = 2m + 1 (resp. n = 2m) then
I' = {rs, ..., roym_3}. (resp. I' = {r3, ..., ray,_3}) is a maximizer. Then

H()=8m — 1) +4 =42m — 1). In case (ii), we conclude that for n =
2m+ 1 (resp.n =2m) I’ = {r3, ... ,rpm_1} (tesp. I' = {r3, ... ,rom_3})
and H(/) = 8m (resp. H(/) = 8(m — 1)). Comparison of H(/) for the
candidate maximizers shows that H* = 4(n — 1) for all n > 3. Since w = 2,
this shows

1
h* = —vH* = +/n — 1.
)

4. Uniqueness of flows up to topological conjugacy

Recall that flows ¢ : M — M and ¢ : N — N are topologically conjugate
if there is a homeomorphism # : M — N such that h¢p, = ¢,h for all 7. Let
Py be the set of periodic orbits of the flow ¢. For each periodic orbit y of ¢,
let the homology class of y be denoted by y and its period by Period(y).
The following two definitions originate in Schwartzman’s work [35].

Definition 2. Let My = {(y, Period(y)) : y € Py}. We call My the homol-
ogy spectrum of ¢.
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The homology spectrum is a subset of H;(M; Z) x R that is an invariant
of topological conjugacy in the following sense: if ¢ and ¢ are topologically
conjugate then

(hy X idr)(My) = My,

where h, : Hi(M; Z) — H{(N; Z) is the obvious isomorphism.

Let 7 : M — M be the universal abelian covering of M. The flow ¢

is covered by a flow ¢ : M — M. Let F C M be a fundamental domain
for Deck (). For each p € M choose p € F Nm~!(p). For each ¢ there is

a g € Deck(m) such that (2),( p) € g.F;let g,(p) be one such element and let
%g[ (p) € Deck(r) ®z R. Recall that Deck(m) @7 R >~ H;(M; R). Let

Definition 3.

1
Ne(p) := Nr=o {;gt(p) D> T}

be the asymptotic homology of p € M. Let nf; = g+ where ¢F = pu,.

One can show that n4(p) is independent of the choice of representatives
and if M is compact then n4(p) is non-empty for all p. It is also clear that

if ¢ is conjugate to ¢ then h*nf;(p) = nj(h(p)).

Example 1. Let@ : V) — V,bealinearisomorphismand M =V,, /L x V.
Let ¢,(x, X) = (x + tQX mod £, X). Clearly, n*(x, X) = {£QX} for
all (x, X) € M.

LetV, ={(x,X) e M : (@X,X) =1}, @° = ¢|V, and |m|q =
VI{@~m, m)| for all m € V,. The homology spectrum of @ is seen to be
Mapo = {(m, |m|g) : m € £ —{0}}.

Example 2. Let @ be as above, and let f;(x, y, X) = A(x +1tQX, y, X)
be a flow on V1t C T*X. Let @, = f;|'V. Let P denote the projection map
VYV — V,. We have that P®, = &/P. Thus (P, x id)M¢y = Mgo. Since
Vo~ X xS H(V,Z) = H(X;Z) @ H(S"'; Z). By the structure
of the flow f; it is clear that the projection of a periodic orbit’s homology
class to H;(8""!; Z) is trivial. Thus (P, x id) is a bijection between Mg
and quao.

Lemma 20. Let H be a hamiltonian defined by Equation (15), and let
@ : T*X — T*X denote its hamiltonian flow. Let 3\, = {y, # 0} for each
o €G.IfP e, then

(n;(P).6) <0.

Proof. Let P = (x,y +N, X, Y) € $l, and let P = I1(P). Since y, # 0,
Yo # 0.1f v € 1, (P), then there is a sequence T; — =00 such that

1
V= kll)l’glo W(X(Tk) - X(O)),
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where @,(x, y + N, X, Y¥) = (x(9), y(®) + N, X (1), Y(#)) and §; is the lift
of ¢;. Thus:
1
(0.6) = Jim o ((71), 8).
On the other hand H and Y, are first integrals of @,. Inspection of Equa-

tion (15) shows that H(P) > Y2bo exp(2b, (x(T), 6)) for all T. Since
b, > 0and Y, # 0, this inequality implies that

Loy < 2 (Lma-my2) =30
—(x ,0) < — | —InH —In — 0.
T 1T \ 2b, o

Since v € nj(P) was arbitrary, this proves the lemma.

Lemma 21. Let Hy, H; be defined by Equation (15) corresponding to root
bases W\, W, . If h : T*X — T*X conjugates the hamiltonian flows of H,
and H», then

h(VH) =V,

Proof. Let U be the set of points in V* that are mapped out of V* under
h: U = h™"(Ugeg Yy) N VL. It suffices to prove that U is empty, since
a symmetric argument applies to h~'. Clearly, it suffices to prove that
U, = h~'(4,) N V+ is empty for all o. Since i, is open, U, is an open
subset of V1, so to prove that it is empty, it suffices to show that U, is
nowhere dense. Remark that V* is naturally diffeomorphic to X x V. Let
7, : V1 — V* denote the projection onto the second factor. Clearly, 7, is
an open map and 7,(P) = X where P = I1(x, y, X, 0) € V. It suffices to
show that ,(U,) lies in a hyperplane to prove the lemma.

Let ¢’ be the hamiltonian flow of H;, and @; the quadratic form used to
define H; (Equation (15)). If P € U,, then P € V* so

N, (P) = {£@; X},
while i4(P) € i, so from the previous lemma
(m: (h(P)), 6) < 0.

If h(p,‘ = (ptzh, then
hat (P) = 11, 0 h(P),
which implies that
+(h.@Q,X,6) <0.

Since h,@; is non-degenerate, X = m,(P) must lie in a fixed hyperplane.
Thus, 7,(U,) lies in a hyperplane. Since , is an open map, U, is empty.

Recall that i : T*X — T*X is energy-preserving it h({H, = %}) =
{H, = %}. We use the notation of Lemma 21 and its proof:
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Theorem 6. Let H, H, be defined by Equation (15) corresponding to root
bases W\, W,. If h € Homeo(T* X)) is an energy-preserving conjugacy of ¢'
with @2, then the norms | - l@, and | - |@, are equivalent over Aut(L).

Proof. Let V; = Vi N Hi_l(%). Since A is energy preserving, Lemma 20
implies that 2('V;) = V,. Let ¢'|'V; be denoted by @' and let |V, continue
to be denoted by /. From Examples 1 and 2

Mei = {(m, |m|g;) : m e L —{0}}

for i = 1, 2. By hypothesis h®! equals @A, so (h, x id)(Mgp1) = Mgo.
This means that 4, induces an automorphism f of £ such that | fin|g, =
|m|q, for allm e L.

Let us dualize Theorem 6. Let ¢; € B;, where B; is the set of linear
isomorphisms V) — b induced by bijections G — £2; = {w,r : r € ¥;}.
The norms |- |, on £ are equivalent modulo Aut(L) iff the dual norms | - |,
on L* are equivalent modulo Aut(L"). Since | X, = \/((¢,-(X), @ (X)),
Theorem 6 implies

Corollary 4. If ¢' and ¢* are topologically conjugate by an energy-
preserving homeomorphism, then there exists p € Isom(bh3; b}) and g €
Aut(L*) such that

n=¢igh, " (25)

Let € be the union of the sets B for all root bases. Equation (25)
defines an equivalence relation ~ on € that is coarser than that defined by
energy-preserving topological conjugacy. In the next section, we show that
knowledge of the equivalence relation ~ is highly non-trivial.

4.1. Conjugacies, Q-structures and Gelfond’s conjecture

Let L be a subfield of C and let W be a finite-dimensional vector space
over L. A subset U of W is a rational structure on W if U is a (Q-vector
space such thatdim o U = dim ; W.If Lisasubring of C,let V; = span; G,
Vo, = kere NV, and b} = span; ¥. It follows that Vg (resp. V, q, hﬁé)
is a Q-structure on V (resp. V,, h*), and also the complex form of these
vector spaces. Because G (resp. £2) is a spanning set of V,, o (resp. by), the
following is obvious:

Lemma 22. If ¢ € B, then ¢(V, o) = b,

V. has a second, non-standard Q-structure induced by £: spang, L*. If
¢; € B, and there is a solution to the congruence equation (Equation (25)),
then, on the one hand g must be an automorphism of this non-standard
Q-structure, while on the other hand g is rationally equivalent to an element
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in a Q-algebraic group. This tension should force g to have a rather restricted
form.

Let E/Q be the splitting field of F. Let U be the group of units of the
ring of integers of E, let vy, ... , v,, —1 be a basis of Ug and let&; = In |v;]
fori=1,...,m.

Let f € Aut(L). Then f can be decomposed as f = BCB~! where
B :V, - V,is a linear automorphism that maps V, 7 onto £ and C €
Aut(V, 7). Then for all T # 1, there is a u, € U™ such that B(t — 1) =
ZGGG’G#] In |o(u;)| (6 —1). Since |o(u,)| € Ug, it follows that the entries
Bj; of B relative to a Q-basis of V, are rational linear combinations of
&1, ..., &n. Let Bjj(x) = Za | bj;xa be rational linear functions such that
Bj;(§) = Bj; where § = (§, ... ,§,). Define a map C" — Hom(V, c) by

fx) = % B(x) C adj Bx) (26)

where adj is the classical adjoint matrix and s(x) = det B(x). Clearly
f(&) = f and B(x) (resp. s(x)) is a homogeneous polynomial in x of degree
1 (resp. n) with rational coefficients. Dualizing this observation gives

Lemma 23. Let g € Aut(L"). Then there is a ¢ € Aut(V,' ;) and a linear
map X +— b(x) : C" — Hom(V*C) with rational coe}ﬁczents such that

g(x) = ﬁ adj b(x) ¢ b(x) 27)

where s(x) = det b(x) satisfies g(&§) = g.

Note that if one fixes a basis of V, and its dual basis of V, then the
matrix g(x) is the inverse transpose of f(x) and b(x) is the transpose of
B(x).

Let ¢; € B; and assume that u € Isom(b3; h]), g € Aut(L") solves
Equation (25). Define a polynomial map C" — Hom(hy), x — T(x) by
1(x) := ¢ adj b(x) c b(x) ¢, ! From Lemmas 23 and 22, both s(x) and T(x)
are homogeneous polynomials of degree n in x with rational coefficients.

Therefore, there are polynomials Tj;(x), s(x) € Q[x], all homogeneous and
of degree n, such that
T (&)

/’l’l_] S(S) ’
where [iu;;] are the entries of u relative to Q-bases of h and b. Let
Ry ;; € Q denote the entries of ((,)), relative to these Q-bases. Since
w € Isom(h3; b}), the equation for w;; implies that forall i, j the polynomial

n

Qi) =Y T Tip(X) Rop — s(X)* Ry j (28)

a,b=1

has a zero at x = &. In addition, Q;;(x) € Q[x] for all 7, j.
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Theorem 7. If m > 3, assume the Gelfond conjecture. If Equation (25) is
satisfied, then X — g(X) is a constant map. Thus, g € Aut(L*) N Aut(V; Q)
and € Isom(f);@; ’f’@).

Remark 1. Onerequires only that the rational independence of logarithms of
algebraic numbers imply their homogeneous independence for the following
proof. Gelfond himself showed this to be true for pairs of algebraic numbers
with rationally independent logarithms. Thus Theorem 7 is true independent
of the Gelfond conjecture when F/(Q is a normal, cubic extension.

Proof. By hypothesis, &, ... , &, are rationally independent logarithms of
algebraic numbers. The Gelfond conjecture therefore implies that Q;; (x) =0
(Equation (28)) for all i, j. In terms of matrices, this means that for all x,
'T(x) Ry T(x) = s(x)* R; where 'T; = T};. From the non-degeneracy of
Ry, it follows that s(x) = 0 iff 7(x) = 0. Therefore, for all i and j, T (x)
and s(x) are homogeneous polynomials of degree » in x that vanish on the
same set of x € C™. A standard algebro-geometric argument shows that s(x)
divides T;;(x), and since they have the same degree, Tj;(x)/s(xX) is a rational
number. Let u(x) = S(I—X)T(x); evaluation of ©(x) at x € Q™ gives a matrix
with rational entries, but since u(x) is independent of x, u = w(€) must
have rational entries. This proves that p is an isometry between QQ-vector
spaces. On the other hand, since g(x) = qbfl W(X) ¢, it is also a constant,
which must be g. Lemma 22 and the fact that p is an isomorphism of
Q-vector spaces shows that g is, too.

Example 3. Theorem 7 can already be applied. Let F be a degree 3 totally
real extension of (Q that is not normal. For example, if we take a root « of the
polynomial x* — 4x + 2 which has discriminant d = 148, then F = Q(a)
is totally real since d > 0 and non-normal since v/d & Q [29]. The splitting
field of F is of degree 6 and the conjugate subfields of F' intersect pairwise
in Q. Let G = {0, 02, 03} be the embeddings of F into R, let u, v, —1
generate U and let o; = In|o;(u)|, B; = In|o;(v)|. The non-normality of
F implies that {o, a2, B1, B2} is Q-linearly independent.

Let B(oy — 03) = a101 + a0, + azo3 and B(o, — 03) = Bio) +
B202 + B303,50 B : V, 7 — L is an isomorphism. Relative to the QQ-basis
{O’l — 03,07 — 0'3} of VO:

o B
-l h) )
since the «;’s and §;’s separately sum to zero. By the Gelfond conjecture,
the rational independence of the entries of B implies that the map x —
B(x) (Equation (26)) surjects onto Hom(V, ¢). Thus, the only constant map
X — g(x) (Equation (27)) is the identity and its multiples; since g is also
a lattice automorphism, g = 1. Therefore, up to an inessential factor of
+1, u = ¢1¢2_1 is a linear isometry from b3 to b} that maps £2, to §2,. To
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proceed, it is necessary to investigate such maps. To do this, it will be useful
to define the notion of an automorphism of a Dynkin diagram.

A permutation p € S(¥) is an automorphism of the Dynkin diagram
(W) iff the permutation leaves the Dynkin diagram unchanged with the
exception of the numbering of the roots. Aut(/(¥)) is the automorphism
group of I (¥). Note that p € Aut(/(¥)) iff w, = w,,) and ((r,s)) =
((p(r), p(s))) forallr,s € W.

Lemma 24. Let v € Isom(b3; bY) be an isometry that maps §2, to §2y. If

U, ¥, £ A(;l), then ¥, = W, = V¥, and  induces an automorphism of the
Dynkin diagram I'(¥).

Proof. For each r € ¥, there is a unique v € ¥, such that u(w,r) = w,v.
Define p to be the map that sends r to v. Since u is an isometry, it follows
that for all , s € ¥,

(r, s))y = 22OPO (o), p(s)),. (30)

r Ws

For r = s, Equation (30) implies that |r|§/|p(r)|% = a)im/wf. If ]2 /| p(r) |y
is irrational, then w,/w, is irrational, which is absurd. If neither ¥; nor
v, is Agi), then the ratios of root lengths |r|,/|o(r)|; is one of 1, V2or/3

or their reciprocals. Thus, in all cases but where one of ¥; equals Agl), o(r)
is the same length as r. Thus, p : ¥, — ¥ is an isometry and

Wy = Wp(r) (31)

for all ». Hence ¥, = ¥, are the same root bases and p induces an automor-
phism of the Dynkin diagram I'(¥).

Returning to the example, Lemma 24 implies that Equation (25) has
a solution iff

¢1 € Aut(I(¥))¢s.

fy = Ag), then Aut(/(¥)) = 93, so this shows that there is only one

equivalence class of bijections; for ¥ = Cél) the automorphism group of
I'W¥) is ((2 3)) so *B is partitioned into 3 equivalence classes with 2
elements each; for ¥ = G(zl) the automorphism group is trivial, so B is
partitioned into 6 equivalence classes. Thus

Theorem 8. Assume the Gelfond conjecture. Let F/Q be a non-normal,
totally real, cubic extension. Then there are at least 10 = 1 4+ 3 + 6
hamiltonian flows constructed in Sect. 2 that are not topologically conjugate
by an energy-preserving conjugacy.
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4.2. Normal extensions of Q

Recall that F/Q is a normal field extension if the set of embeddings of F is
the Galois group of field automorphisms of F. Henceforth, we will assume
that G = Gal(F/Q). The vector space V = RG is therefore also the group
ring of G, and V, is a 2-sided ideal in RG. U' — hence £ — is a natural
ZG-module, so let +A be the subring of QG which is integral with respect
to this representation. Let S, = A/Qf where f =) __ 0.

Theorem 9. Let f € Aut(V, o) N Aut(L). Then there is an r € A, with
r + Qf a unit of S,, such that

f = Rr| V()a
where R, : V — V is the right-translation map y +— yr.

Proof. Lett = # f,s =1—tand write Vo =sVo ®1Vy =V, o ® Qr as
adirect sum of QG modules. Itis convenient to extend f to an automorphism
of Vg by letting f fix ¢. This extension will also be denoted by f. For each
o €@, flo) = ZTGG Jo.r T; the coefficients f, , are rational.

From the definition of £ and the hypothesis that f € Aut(L), there is
the following commutative diagram

£ Lo
) e

‘u-&-i)u-i-’

where « is an automorphism of U™. Thus, if u = £(u), then

f(u)zz melnla(uﬂ 7, and

teG oeG
= Z In |t(a(u))|z.
teG

Until now, it has been assumed that U™ is an index 2, torsion-free subgroup
of U. Let us be precise and let U™ be the set of all positive units. In addition,
let U= be the subgroup of units all of whose conjugates are positive; this
is a finite index subgroup of U™ since it contains the subgroup of squared
units. The above equation for f(u) implies that forallu € U~ and 7 € G

t(a()) = Myeq o). (32)
Since 7 is an automorphism, Equation (32) implies that

a(u) = Myeq o(u)’™r.
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Since U~ is a finite-index subgroup of U™, this implies that f|V, is de-
termined by the coefficients f;; : T € G. Thus, without altering f|V,, the
extension of f can be altered so that f, , = f; ,-1, forallo, 7 € G.

Letx; = firandletx = )  _. x, 7. Then

Re(0) =) Xpi: T, (33)

teG

which is equal to f(o) by the hypothesis on the coefficients f, ;. Note that
if we let r = xs + ¢, then R, |V, = f|V, and R, () = t. Thus, R, equals the
extension of f that fixes r. Since @ = £~'oR, o£, and £ is a ZG-isomorphism
between £ and U™, it is clear that r € A and r + Q7 is a unit of S,. The
theorem is proved.

How large is 4A? If y € A, then R, is an endomorphism of £, so
x = ys + t defines an endomorphism of the lattice subgroup £ @ Zt

of V. Hence, Trace(R,) is a rational integer. Write x = ﬁ Y e Xo 0.
Equation (33) shows that Trace(R,) = x;. Thus x; € Z. Similar reasoning
shows that x, € Z for all o. Since x = y mod Qt, this shows that

ZG+Qt C A C (n+ 1) 'ZG + Q.

This means that it is practical to compute the ~ equivalence classes, at least
for small n. However, Theorem 9 is probably too weak: my belief is that
Equation (25) has a solution, regardless of the normality of F,iff g = R/ |V,
for some automorphism o of the field F.

Proof of Theorem 5. Assuming the hypotheses of the theorem, Corollary 4
implies that there isa g € Aut(L*) and a u € O(h*) such that u = ¢1g¢2_1.
By Theorem 7, the map g € Aut(V;Q) N Aut(L*). Let f = ¢’; Theorem 9
now implies Theorem 5.

4.3. Applications of Theorem 5

Let us establish a convention that will be helpful to do the computations
of the following examples. By enumerating the elements of G (and ¥, £2),
G (and ¥, £2) will be identified with the set {1, ... , n+1}. The enumeration
of ¥ and £2 will be the enumeration from its Dynkin diagram, while G will
usually suggest a convenient enumeration. Permutations of, and bijections
between, these sets are then naturally identified with permutations of n + 1
symbols. The group of permutations of the set e is denoted by S(e).

Example 4. Let’s apply Theorem 5 to a totally real, normal, cubic extension.
For example, let F = Q(¢ + ¢~') where ¢ is a primitive 7-th root of unity.
In this case G = {1, o, 0%} is a cyclic group of order 3.

Units of S, [c.f. [18,37]]. The ring S, = 4 /Qf is isomorphic to Z[w], where
w is a primitive 3-rd root of unity. The unit group of Z[w] is {£1, o, £?},
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so the unit group of S,, U(S,), is =G+ Qr. Let U(S,)" = G+ Qr; U(S,) ™"
is naturally isomorphic to G.

Solutions to Equation (25). Let ¢, ¢, € ‘B and assume that i = ¢ 8¢, :
solves Equation (25) with g = R; for some r € U(S,). Then Equation (25)

also has the solution —p, —g = R_ . and —r € U(S,). This shows that it
can be assumed that » € U(S,)T.

Since U(S,)" acts naturally on G by permutations, i = ¢; R, b, Uis
a permutation of £2 and an element in O(h*). Thus, u naturally induces an
automorphism of the Dynkin diagram I'(¥) by Lemma 24.

To conclude the calculations, identify G, ¥ and £2, etc. with {1, 2, 3}.
The permutation group S3 on 3 symbols is generated by the transposition
a = (12) and the 3 cycle b = (1 2 3) and C3 = (b) is a normal subgroup
of S;. The permutation representation of U(G)™ on G induces the map
o + Qf — (12 3). Since Cs is normal in S3, Equation (25) has a solution
iff

$16; ' C3 N Au(I(¥)) # 0.

fv = A(Zl), then Aut(I(¥)) = Ss, so B has only one equivalence
class of bijections. If ¥ = C3", then Aut(I(¥)) = ((2 3)). Since C3 U
(2 3)C3 = §3, the equivalence relation is again trivial. If ¥ = Ggl), then
Aut(I'(¥)) = 1. It follows that there are 2 equivalence classes associated
with the cosets 1.C3 and (1 2)Cs.

The contrast with Example 3, where there were 1, 3 and 6 equivalence
classes, is striking. To conclude

Theorem 10. Let F/Q be a normal, cubic extension. Then there are exactly
1 + 1 4+ 2 = 4 flows defined by Theorem 1 that are not topologically
conjugate by an energy-preserving homeomorphism.

This is a corollary of

Theorem 11. Assume that ¥; # AL If U(S,) = £G + Qr and ¢; € B;,
then ¢y ~ ¢ iff Wi = ¥ and ¢ is conjugate to ¢* by an energy-
preserving homeomorphism.

Proof. 1t suffices to prove that if ¢; ~ ¢,, then there is a symplectic
diffeomorphism 4 : T* X — T*X such that Hy, o h = H,,.

If ¢ ~ ¢ and U(S,) = £G + Qt, then there is a T € G such that
n = ¢ o R’T o, ! solves Equation (25). Since R”r acts as a permutation

of G, W is an isometry of £2, with £2;. By Lemma 24, ¥, and ¥, equal
a common root basis ¥ and pu acts as a permutation of £2 induced by an
automorphism of I'(¥).

Define:

h(x, y, %, %) = (Ry-1x, Ry, RLXC, RLY),
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forall (x, y, X, Y) € T*%. Since G acts naturally on the right on V = RG,
the map h induces an analytic symplectic diffeomorphism of 7% X.
Calculations show that ((¢1(R,X), $1(R,X))) = ({$2(X), $2(X))),

(R.-1x,6) = (x,01) and (R.Y)s = Yor. Thus:

i il . 1 x x 2 ~ zbl,m"l
b 0 h =S (620, 62000 + 3 exp(2b1 e (¥, 5D Yo

oeG

where b; ,; is the integer b, defined for Hy,. To finish the proof, it suffices
to show that b, , = by ,,-1 forall o € G.

Let p be the automorphism of the Dynkin diagram that is induced by pu,

and let r;, be the unique root r thzgiatisﬁes ¢;(6) = w,r. Then b;, =
w/w,, , forallo andi. Since R.6 = ot~!, one calculates that (W, 125) =
wrl,mflrl,arfl' Thus lo(rZ,U) =T1,0r-1, 80 b2,0 = bl,af*l'
Example 5. Let’s apply Theorem 5 to a totally real, normal, quartic exten-
sion. In this case, the Galois group of F/Q is either Z, & Z, or Z4. Let us
examine the Klein 4-group first; F = Q(+/2, +/3) is an example of such
a totally real, normal, quartic number field with Gal(F/Q) = Z, & Z,.

Units of S,. Arguments similar to those of Example 4 show that U(S,) is
trivial.

Solutions to Equation (25). Let ¢;, ¢» € B. As above, if 1 and g = R,
solve Equation (25), then it may be assumed that r € U(S,)*. On identify-
ing G, etc. with {1, 2, 3, 4}, the permutation representation of U(S,)" —
S(f}) is naturally identified with the subgroup V, = ((12)(3 4), (1 3)(24)).
This subgroup is normal in S4. Repeating the arguments of the previous
example shows that Equation (25) is solvable iff

P17 Vi N Aut(I(¥)) # 0.

fv = Agl), then Aut(/(¥)) = D4 where D, is the dihedral group
of order 8 generated by (1 2 3 4) and V,. Therefore, Equation (25) has
a solution iff ¢; € Dy¢,. Since [S4 : D4] = 3, it follows that there are
3 equivalence classes in *B. The representative cosets are Dy, D4(1 2) and
Dy(1 3).

If ¥ = B, then Aut(I'¥)) = ((1 4)) =: C,. Since C; N Vy, C; N
V4(1 4) # ¢, and the remaining 4 cosets of V, intersect C, trivially, Equa-
tion (25) has a solution iff ¢; € (V4 U V4(1 4))¢,. Thus B is partitioned
into 3 equivalence classes.

If ¥ = C{", then Aut(I'(¥)) = ((1 2)(34)) =: C,. Since C, < Vj, the
remaining 5 cosets of Vj intersect C, trivially, Equation (25) has a solution
iff ¢ € Va¢h, so there are 6 equivalence classes.

Note that the normality of U(S,)™ in the permutation group S(G) meant
that each equivalence class of bijections has the same number of elements.



Toda lattices and positive-entropy integrable systems 547

The next example shows that this fails in the case that U(S,)" is a non-
normal subgroup of S(G).

Example 6. Let F/Q be a totally real, normal, quartic extension with
Gal(F/Q) = Z4. An example of such a number field is given by F =
Q¢ + ¢* 4+ ¢ 4+ ¢=*) where ¢ is a primitive 17-th root of unity.

Units of S,. U(S,) is trivial.

Solutions to Equation (25). Let ¢, ¢, € B and write « = ¢; and 8 =
¢>2¢>]’1 € S(£2). As above, if u and g = R; solve Equation (25), then it
may be assumed that r € U(S,)". On identifying G, etc. with {1, 2, 3, 4},
the permutation representation of U(S,)" — S(f}) is naturally identified
with the subgroup C4 = ((1 2 3 4)). This subgroup is normalized in S4 by
Dy and has three conjugate subgroups: Cy, (2 3)C4(2 3) and (3 4)C4(3 4).
Repetition of the arguments of the previous example along with the non-
normality of C4 = U(S,)" shows that Equation (25) is solvable iff

aCsa™ ' N Aut(I(¥))B # 0.

In case ¥ = A(31), then Equation (25) has a solution iff either (i)
o, € Dy;or (1)) o € Dy(23) and B & D4y(2 3) or ¢ € Dy(3 4) and
B & D43 4). Thus, if ¢; € D, then the equivalence class [¢;] has 8
elements; if ¢; € Dy, then [¢;] has 16 elements. Therefore, there are two
equivalence classes: [1] = D4 and [(2 3)] = S4 — Dj.

Ify = B;l) or ¥ = Cgl), then there are 3 equivalence classes, Dy,
D4(2 3) and D4(3 4) each with 8 elements.
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