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(Q1) Consider the 2x2 real-valued matrix A, with trace 7 and determinant A. In this ques-
tion, you should make use of the Cayley—Hamilton theorem: matrix A satisfies its own
characteristic equation; i.e., A> — 7A + AI = 0 where [ is the identity matrix.

(a) Assuming that 7 = 0, show that
A%V = (=1)"A", AT = (—1)"ATA.
(b) Assuming that A = 0, show that
A =7"71A,
Deduce simple expressions for exp(A) in each case.
Solution.

(a) 7 = 0: The Cayley-Hamilton theorem then says that A?> = —AI, whence A?" =
(—=A)"I and A*"*! = (=A)"A. Then

oA — Z - < A" — Z ( x I+ Z 2 + i x A = cos(A)I + sin(A)A.
n=0 n=0

(b) A = 0: In this case, A! = 7°4 and A? = 7' A which proves the claim above for
n = 1,2. Assume that A" = 7771 A for an n. Then A" = A(A") = 777142 =
7™ A, which proves the claim by induction. Then

[e.9] o0
1 T e’
A n -1 -1
= —xA"=1 714—[ Al -1 — | =1- A+ —A.
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n=0 n=1 n=0

(Q2) Let
1
Tp+1 = g(zp) = xp + esin(2may,) where z € [0,1], |¢] < —.

27
(a) Show that g maps the unit interval to itself.

(b) Show that g has exactly three fixed points in the unit interval. If € > 0, then two
are sources, and one is a sink.

(c) Determine the (un)stable manifold of each fixed point.

(d) Argue/Prove that the Hartman-Grobman conjugacy is defined on an entire (un)stable
manifold.

Solution.

(a) To show that ¢([0,1]) C [0, 1], it suffices to show that the maximum (resp. mini-
mum) of ¢g|[0,1] is <1 (resp. > 1). Since ¢'(z) = 1 + 2me cos(2rz), the hypothesis
that || < 1 implies that ¢/(z) > 0 for all z. Thus 0 = g(0) < g(z) < g(1) =1 for
all z € [0, 1].

This proves that g maps the unit interval to itself (and we also showed g is onto).

1
(b) A fixed point solves z = g(x) iff 0 = esin(27x) iff 27 is an integer. Thus z = 0, 3 1

1
are the fixed points of g on [0, 1]. Since ¢’(0) = 1+ 2me = ¢'(1) and g'(i) = 1—27e,

if = > € >0, then ¢/(0) = ¢/(1) > 1 and |¢/(0)| < 1. This proves that 0,1 are
sources and 1/2 is a sink.
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(Q3) Let

On the interval (0,1/2), g(z) > x, so an orbit with o € (0,1/2) is a monotone
increasing sequence x,. Since g maps the interval [0, 1] to itself, the sequence must

converge to a point x,. This point is a fixed of g since z, = lim x, = lim x,+; =
n—oo n—oo

g(x,). Moreover, z, cannot be a source, so x, = 1/2. This proves that the stable
manifold of 1/2 includes (0,1/2]. A symmetric argument shows that it also includes
[1/2,1).

Finally, the unstable manifold of 0 must be [0,1/2) and that of 1 must be (1/2,1].

Take the fixed point 1/2. The H-G theorem says that there is an interval surround-
ing 1/2 on which g is conjugate to = — A(x — 1/2) +1/2. Take a point =g € (0,1),
the stable manifold of 1/2. Since z,, — 1/2, there is an N s.t. zy = ¢~ (z0) lands
in the interval. Define h(z¢) = ¢~V - h(zy), where h is the H-G conjugacy. It
suffices to check that this extension of A is independent of the choice of V.

Remark. The ‘right” way to view our DS is to take x mod 1. Then 0 = 1 and the
phase portrait is easily sketched.

-1 1/2
Xn+1:|: 1 (/) :|Xn:AXn

be a DS in the plane. Show that 0 is a hyperbolic fixed point. Determine the stable and
unstable subspaces and sketch the phase portrait.

Solution. Since the DS is linear, its fixed points solve (A —I)x = 0. Since det(A —1) =
1—1/2 # 0, the only fixed point is x = 0.

The characteristic polynomial of A is A2 4+ \ — % which has roots AL =

771325‘/3. As

0 < Ay <1 and |A_| > 1, the origin is a saddle. Since A_ < 0, the orbits along its
eigenspace will oscillate from one side of the origin to the other.

ET: this is the eigenspace of A\, , which is the kernel of

I D VI V)
R !

The vector v = [ At } spans ET.

1

E7: this is the eigenspace of A_, which is the kernel of

The vector v_ = [ A

A_ )= [ —1-A_ 1/2 }

1 -

1 } spans E.

(Q4) Find the fixed points of the nonlinear map

1
Tn+1 = 3737, —5Tn + Yn, Yntl = gyn + m?p

and discuss their stability. Compute the third-order Maclaurin series of the stable man-
ifold of (0,0) [You will need to diagonalize the linear part of the system first].
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Figure .0.1: The phase portrait

Solution. The fixed point satisfy o = —5z +y + 22,y = y/2 + 22. Thus y = 222 and so
0 = —6x + 322. Therefore, =0,y =0 or & = 2,y = 4. We compute that

DF:{5+2¢ 1]
2x 5
SO
-5 1 -1 1
Dme:[ 0 1}7 DF@@:{ 4 1]-
2 2

The eigenvalues of the first are —5,1/2 so the origin is a saddle, while the second has
eigenvalues 1 j: 65, so it is a source.

To compute VVZ o we first must diagonalize DF (). The unstable eigenspace E~ is

spanned by v_ = [ (1) ] Thus stable eigenspace E is spanned by v, = [ 121 ] The
equation
2 _ [ 2ut 4w
[y } =X=U"Vy U v- = [ 11+ }

ut = y/11, u- =z —2y/11.

yields

We then get that

Uppr = y”+1/11 Uy = Tptr— 2Yng1/11,
= %yn/ll—f—xn/ll = —5Tp + Yn — Yy /11 + 22 — 222 /11,
= P Qut +uy)?/11, = —bu, +902u} +u;)?/11,
— fut+ 141 (uf)? = —bu, + B(uf)?
"'% n T 111 (up )2, —l—%ugug + %(u;)Q
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We assume that VVl'gC is the graph u~ = g(u™). Since our coordinate system is chosen
to be along E*, g(0) = 0 and ¢’(0) = 0. Therefore, we can write

g(u) = agu? + azu® + O(u?).
Assuming that (u),u,) € VVgC we can compute u,_; in two ways.

(a) u,,q = g(u)) since (uf 1, u, 1) € W, due to the invariance of W} . Thus (- --
are the terms of degree 4 or more)

u;z,+1 :a’2( n+1) +a‘3( n+1)3+"'7

— (P4 + (man + 2ag) () 4

11 8

where we have used the fact that on W', wt,, = %u;[ + A ()2 + ras(uh)® + -

which means that (u;}, ;)% = (u})?/4+ {5 (u))® + -+ and (uf,,)® = (u$)3/8
(b) On the other hand u,, ., is determined by the dynamical system, while u,, = g(u;)

0]

_ 36 36 _ 9, _
36 36
= (—bag + ﬁ)(uf{) + (—5@3 + ﬁag)(un)B +

Since these two expression must be equal, we get that

36 4 1 36
4— i = _ i
a2/ 5a2+11 11&2—1—8&3 5a3+11a2
These equations have the solutions as = 48/77 and ag = 256a2/451 = 12288/34727.
Hhus 18 , 12288
2 w3 4
= — O(u”).
9lu) = 77"+ g T O
(Q5) Let
Tpt1 = Tn/10 + TnYn,  Ynt1 = 2Yn + x72’L (DS)

Compute the third-order Maclaurin series of a transformation u = Q(x) which trans-
forms this (DS) into the linear DS

Unt1 = Up /10,  Vpy1 = 2uy. (LDS)

That is, find Q such that QF = AQ where F is the map defined by the RHS of (DS)
and A is the matrix defined by the RHS of (LDS).

Solution. Let u = (u,v) and let F(x) = (2/10 + xy, 2y + 2%) where x = (z,y). We will
compute Q inductively, beginning with its degree 2 terms. Before we do this, note that
the linear part of our map F is already diagonal. To kill the quadratic terms zy, it will
suffice to choose an xy term in Q, etc. Thus, we will choose

Quey) = | 0 [+ | 4 |+,
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where - - indicates terms of degree 3 or more. We compute that u,11 = Q(F(xy)) is
equal to

Up41 = Q(Xn+1)a

Tn+1 ATn4+1Yn+1
<[ )

L Yn+1l n+1

[ /10 + 20y, axnYn/d
L 2y, + o, bz, /100
[ 2,/10 (a/5+ Dxnyn

- | L i |+

On the other hand, we want u,4; = Au,, = AQ(xy,) where A is the linear part of F.
Thus

U1 = AQ(Xn),

| z,/10 aTpyn /10
=[]

This yields the equations
a/5+1=a/10, b/100 + 1 = 20,

so a = —10 and b = 100,/199.

To compute the cubic terms in Q we make the observation that the only cubic terms to
be killed are those that were created when we kill the quadratic terms. These will be of
the form zy? and 2 (created from zy) and 22y (created from 22). Thus, we will put

3 2
|z axy apx” + asxy
=[5 ]+ [ 2] [z ]

where - - indicates terms of degree 4 or more. We compute that u,11 = Q(F(xy)) is
equal to

U,yp1 = Q(Xny1),

_ { Tn+1 } [ ATn+1Yn+1 ] i [ aoiviﬂ +a21’n+1y727,+1 ] +
= 5 5
Yn+1 by 14 baxy, 11 Yn+1

The first term (vector) contributes no cubics, while the second term contributes the cubic
terms ax? /10 + 2ax,y2 and bx2y, /5. The third term (vector) contributes agx? /103 +
asrny22%/10 and box2y,2/10%. The cubic part of u,; is therefore

(+) = { (a0/1000 + a/10)z3 + (2a2/5 + 2a)x,y2 ]
a (b2/50 +b/5)z}yn

On the other hand, we want u, 11 = Au, = AQ(xy). The cubic part of this expression
for u,41 is just A times the cubic part of Q:

aozy /10 + asw,y2 /10
2 +
2b2$nyn

() = |
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Since the expressions (*) and (**) should be equal, we get
ap/1000 + a/10 = ap/10, 2a2/5+ 2a = az/10, b2/50 4 b/5 = 2bs
The coefficients are found to be
ao = —1000/99, as = 200/3, b, = 1000/19701.

Thus

a:—lO:vy—M:v?’—F@

2

ry 4

Qx,y) = 100 2 , 1000 2 3 +O([x[7).
Y+ 799%" + To701%°Y

Stable and unstable manifolds can be defined for saddles of continuous dynamical systems
in the same way as they are defined for discrete dynamical systems. In particular, the
stable manifold can be written as an expansion

U = ag(u+)2 + a3(u+)3 + a4(u+)4 + a5(u+)5 + -

The constant coefficients a; can then be obtained by equating two expressions for 4.
Consider the system
i=—x+y? }

y=y—a
Find the coefficients as, ag, as and a5 for the expansion of the stable manifold through
(0,0).

Solution. Since the linear part of the vector field is already diagonal, we see that the
stable subspace is y = 0 and the unstable subspace is = 0. Thus, we use u™ = x as
the coordinate on Et and 4~ =y on E~.

We assume that VVngC is the graph y = g(z). And since the linearized system is already
diagonal, g(0) = 0 = ¢/(0). Thus, we suppose that g(z) = asz? + - -+ + asz® + O(x).

On the one hand, if (z,y = g(z)) € W,F

loc then we compute that

y=g'(x)a
= (2a97 + 3azz?® + dasx® + bazz?)(—x + g(x)?) + O(z°)
= —(2a2x2 + 3asz® + dagzt + 5a5x5) + (2a9x + 3agz? + daqx® + 5a5m4)a§x4 + O(a:ﬁ)

= —2a92? — 3a3x> — dagx® + (—bas + 2a3)z® + O(zF).
On the other hand, the derivative of y = g(z) is given by
j=y—a*=g(x) - a®
= (ag — 1)z? + azz® + agx? + asz® + O(a9).
Equating these two expressions for 3 yields the equations
—2a9 =az — 1, —3az=a3, —4daq =a4, —bas+ 2a§ =as

SO
ag = 1/3, as = 1/81, a3 = a4 =0.

Thus
g(x) = 2%/3 + 2° /81 + O(«").



Dynamical Systems (MATH11027) Problem Sheet 2 7

(Q7)

(Q10)

Consider the equilibrium 0 of the system

T =

y=2y—a* [
Give a series expansion of the stable manifold in the new variables, as far as 3rd order
terms.

Solution. This is virtually identical to Q5. See the Maple solution sheet.

Consider a R? system % = f(x) with an equilibrium point x = 0 at which the linearised
system has an imaginary pair of eigenvalues A = io, A = —io, where o > 0. In terms of
a complex variable z, the dynamics are assumed to be given by

=Mz 4az? +b2Z+ P+ mPz 4 (0.1)
Following the treatment of discrete systems in §3.3 of the course notes, show that
(a) the quadratic terms in (0.I)) can be eliminated by introducing the new variable
w = z + az® + B2Z + vZ% with suitable o, §,7;

(b) the further variable transformation ¢ = w+ dw?®+ ew?w+ gww? + hw?* with suitable
d,e, gﬁ,h allows the elimination of all cubic terms apart from the term proportional
to ¢2¢, leading to

: - , iab  db]*  2ilc|?
E= A+ aCTH O, with g =m+ 2 2T

o 30

Conclude that the origin is stable if Re ¢ < 0 and unstable if Reg > 0.

Let
i=—y+a2 §=zx+yz
Is (0,0) a stable or unstable equilibrium?

Solution. You find that A = +i = ++/—1 and 2z = x + iy. The differential equations
are transformed into

1 1 1 )
é:iz+122—|—§zf+1§2—ézQZ—l—---, (0.2)
which gives us A\q = —%. So the origin is stable.

Determine the stability of the origin for the dynamical system
_ 2 3
Tp+l = Tp — Yn + Ty + Yn>

Yn+1 = Tn-

Solution. If we write our system as x,+1 = f(x,), we get that

1 -1
=7 )

1++v-3
2
dfl’ (transpose) is [~\, 1]7, which gives

which has eigenvalues A = , where are cube roots of —1. An eigenvector t of

z=(t,x) = - Az +y.
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We can solve for z and y and get

1
r = zZ—Z), = uz + uz
m( ) Y

1 1
where we take A\ to be the root with a positive imaginary part and u = = | 1 — — ).
p ginary p 5 < \/_—3>
We can substitute in to get
Zn+1 = _)\xn+1 + Ynt1
= _)‘(wn — Yn + x721 + yg) + Tn
A
= (1= Nxp + Myn + g(z,% —22,%, + 22)+
AMNuPzd + 3uPaz2z, + 3uu?z,72 + u3Z2)
= Az, + azi + b2, Zn + CE?L + ez?lEn +oeey (0.3)
where
A 2\ 1
=c= - b=—— =3\l = ———.
a=-c 3 3 e uu Ve

We know that there is a transformation ¢ = h(z) such that the DS in (0.3)) is transformed
into (i1 = A + mC2G, + O(|Ga|*) where

(2A —1)ab A2 2)|c[? 0.4)
AMI=X) A—1 X-1 '

and the stability is determined by h = Re (Am). We compute that

- -1 (2 =1)X2 -2 - A 2 - A 1
Am = —\ ( )

pUANIR TS W AR
Y VG By R R W Tl T Uy T

1
:—§+\/—1'R.

Since Re (Am) < 0, so the equilibrium is stable.

At Examples Class 2 on Friday 29th October the solutions to Questions 5,6 and
10 will be discussed.



