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Integrability The “Standard” Phase Portrait

Integrability

e A typical phase portrait:

e fibred by tori

e tori degenerate

e degenerations
controlled by

Morse-like
behaviour
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Integrability Implications: 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.
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Integrability Implications: 2 degrees of freedom

Topology, Integrability and Entropy

Theorem (Fomenko with Zieschang, Matveev)

If H: (M* w) — R is integrable with a non-degenerate (or real-analytic)
integral F, then

the regular levels of H are graph manifolds;

the first Betti number of a regular level is determined by the number
of elliptic and hyperbolic periodic orbits.

Non-degenerate: F is a Morse-Bott function.

Theorem (Paternain, Moser)

In addition,
the topological entropy vanishes.
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Integrability Implications: 3+ degrees of freedom

What about 3 or more degrees of freedom?
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Integrability Implications: 3+ degrees of freedom

What about 3 or more degrees of freedom?

Theorem (Paternain)

If H: (M?",w) — R is completely integrable with non-degenerate
integrals, then its topological entropy vanishes.
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Integrability Implications: 3+ degrees of freedom

What about 3 or more degrees of freedom?

Theorem (Taimanov 1988)

Let (M", g) be a compact, real-analytic manifold. If the geodesic flow is
real-analytically integrable, then

bi(M) < n;

m1(M) is almost abelian;

there is an injection H*(T?) — H*(M).
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Integrability Implications: 3+ degrees of freedom

What about 3 or more degrees of freedom?

Theorem (Taimanov 1988)

Let (M", g) be a compact, real-analytic manifold. If the geodesic flow is
real-analytically integrable, then

bi(M) < n;
m1(M) is almost abelian;
there is an injection H*(T?) — H*(M).

Surfaces: S2, T?;

3-manifolds:

by = 0: M is a homotopy S3;

by = 1: M is finitely covered by a homotopy S! x S2;
by = 2: can't happen (Reidemeister);

by = 3: M is finitely covered by a homotopy T3.
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The Bolsinov-Taimanov Example The Configuration Space

Suspension manifolds

A € GL(2;Z), for example

2 1 11
A—[l 1] or betterA—[1 O]'
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The Bolsinov-Taimanov Example The Configuration Space

Suspension manifolds

A € GL(2;Z), for example

2 1 11
A—[l 1] or betterA—[1 O]'

> 4 is the suspension manifold of A:

Yo Rx T2/~ where (0, A9) ~ (1,6).
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The Bolsinov-Taimanov Example The Configuration Space

Suspension manifolds

A € GL(2;Z), for example

2 1 11
A—[l 1] or betterA—[1 O]

> 4 is the suspension manifold of A:

Yo Rx T2/~ where (0, A9) ~ (1,6).

Theorem (Bolsinov & Taimanov 2000)

There is a riemannian metric g on 5 whose geodesic flow is completely
integrable. Its flow contains the suspension flow of A as a subsystem.
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The Bolsinov-Taimanov Example The Configuration Space

Sketch of the Proof

Proof.
identify universal cover of ¥4 with a Lie group
construct metric and integrals on universal cover
verify the construction descends

exhibit the suspension flow as a subsystem
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The Bolsinov-Taimanov Example The Configuration Space

A Homogeneous Space

Universal Cover of ¥4: Sol = R x R?

x.y = (*yo, e y1).

Leo Butler (Edinburgh) AIMS 2008
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The Bolsinov-Taimanov Example The Configuration Space

A Homogeneous Space

Universal Cover of ¥4: Sol = R x R?

x.y = (e*yo0, € *y1).

Discrete group: u = % (dominant eigenvalue of A)
n+ my5 n—m/5
A={(uNy) : o= s NnT 5 k,mneZ}.
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The Bolsinov-Taimanov Example The Configuration Space

A Homogeneous Space

Universal Cover of ¥4: Sol = R x R?

x.y = (e*yo0, € *y1).

Discrete group: u = 3+2\/§ (dominant eigenvalue of A)
n+ my5 n—m/5
A={(uNy) : o= s NnT 5 k,mneZ}.

Lemma

Y4 = A\Sol.
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The Bolsinov-Taimanov Example The Metric and Integrals

The Metric and Complete Integrability

Universal Cover of ¥4: Sol = R x R?

x.y = (*yo, e y1).
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The Bolsinov-Taimanov Example The Metric and Integrals

The Metric and Complete Integrability

Universal Cover of ¥4: Sol = R x R?

x.y = (e*yo, € *y1).
Left-invariant Metric:

g = dx® + e XdyZ + edy?
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The Bolsinov-Taimanov Example The Metric and Integrals

The Metric and Complete Integrability

Universal Cover of ¥4: Sol = R x R?
x.y = (*yo, e y1).
Left-invariant Metric:
g = dx® + e XdyZ + edy?
Hamiltonian and integrals on T*Sol:

2H = px+e¥pj, + e 7py,
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The Bolsinov-Taimanov Example The Metric and Integrals

The Metric and Complete Integrability

Universal Cover of ¥4: Sol = R x R?
x.y = (*yo, e y1).
Left-invariant Metric:
g = dx® + e XdyZ + edy?
Hamiltonian and integrals on T*Sol:
2H = p2 + ezxp)z,0 + e_zxp}z,1

/1 = Pyo> /2 = Py, -
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The Bolsinov-Taimanov Example The Metric and Integrals

The Metric and Complete Integrability

Universal Cover of ¥4: Sol = R x R?
x.y = (*yo, e y1).
Left-invariant Metric:
g = dx® + e XdyZ + edy?

Hamiltonian and integrals on T*Sol:

2H = px+e¥pj, + e 7py,

h=py hk=py,
On T*ZAZ

27 In [py, |
Inu

I = py,py, J = exp(—172) x sin [
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The Bolsinov-Taimanov Example A Positive Entropy Subsystem

The Suspension Flow

The shortest path from (0, 6) to (1,6) with
g = dx® + e 2Xdyg + edy? :
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The Bolsinov-Taimanov Example A Positive Entropy Subsystem

The Suspension Flow

The shortest path from (0, 6) to (1,6) with
g = dx® + e 2Xdyg + edy? :

geodesic
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The Bolsinov-Taimanov Example A Positive Entropy Subsystem

The Suspension Flow

The shortest path from (0, 6) to (1,6) with
g = dx® + e 2Xdyg + edy? :

-0

A
geodesic J
0

0xT? 1x T2
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The Bolsinov-Taimanov Example A reprise

The momentum map

Sol = R x R2 : (O’y(,)’y]l_) : (X’YO’Yl) = (X’y(,) +y07y{ +Y1)
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The Bolsinov-Taimanov Example A reprise

The momentum map

Sol = R x R2 : (O’y(,)’y]l_) : (X’YO’Yl) = (X’y(,) +y07y{ +Y1)

We get a momentum map of the left action of R? on T*Sol

(Xu_yanlupXupyo;pyl)l% (pyov_Py:l)

v v
T*Sol Lie(R?)"
mod A l/ mod ﬁ

X
T*ZA—>L18 R2) /AﬂRz

A- (X7y07.y17 Px; Pyo7py1) S (pym Py1)/ ~
where (e py,, €77 py,) ~ (Pyo, Py )-
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The Bolsinov-Taimanov Example A reprise

Orbits in Lie(R?)"/ ~

regular orbits

_Qp
 ingulor orbits 4"

reduced space: Lie( R2 ~
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A generalisation Ingredients

Ingredients of a generalisation

Configuration space suspension manifold
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A generalisation Ingredients

Ingredients of a generalisation

Configuration space suspension manifold
Riemannian metric Toda lattices
Integrals momentum map
Invariance equivariance
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A generalisation Suspension manifolds

Suspension manifolds of abelian subgroups of GL(b; Z)

Let A < GL(b; Z) be abelian and torsion free of rank a.
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A generalisation Suspension manifolds

Suspension manifolds of abelian subgroups of GL(b; Z)

Let A < GL(b; Z) be abelian and torsion free of rank a.
Let AR = A®z R be the real hull of A.
A acts on R? x TP = Ag x T? by

u-(x,0)=(—u+x,u-0) Yue A x € Ag,0 € TP,
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A generalisation Suspension manifolds

Suspension manifolds of abelian subgroups of GL(b; Z)

Let A < GL(b; Z) be abelian and torsion free of rank a.
Let AR = A®z R be the real hull of A.
A acts on R? x TP = Ag x T? by

u-(x,0)=(—u+x,u-0) Yue A x € Ag,0 € TP,

Definition
The manifold

Y4=R?xTb/A

is called the suspension manifold of A.
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A generalisation Suspension manifolds

Suspension manifolds of abelian subgroups of GL(b; Z)

Let A < GL(b; Z) be abelian and torsion free of rank a.
Let AR = A®z R be the real hull of A.
A acts on R? x TP = Ag x T? by

u-(x,0)=(—u+x,u-0) Yue A x € Ag,0 € TP,

Definition
The manifold

Y4=R?xTb/A

is called the suspension manifold of A.

The R? x 0 action on R? x T? induces a natural action on ¥4 —
suspension flow of A.
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A generalisation Toda lattices

Toda Lattices

Potential energy:
V = exp(xo — x1) + exp(x1 — x2) + exp(x2 — x0)
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A generalisation Toda lattices

Toda Lattices

A non-linear coupled oscillator

Xi = exp(xi — xi+1) — exp(xi—1 — xi), i=1,...,nmod n. (%)
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A generalisation Toda lattices

Toda Lattices

A non-linear coupled oscillator

Xi = exp(xi — xi+1) — exp(xi—1 — xi), i=1,...,nmod n. (%)

Flaschka Transform

aj == €jexp(xi/2 — xi4+1/2), b; == x;,
[ by a; 0 - 0 )a, |
a1 b2 dy - 0 0
0 a by . 0
L= ) 2 ) ) .
0 0 bn—l dn—1
Ala, 0 an-1 by |

M:=1/2x (L, — L")
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A generalisation Toda lattices

Toda Lattices

A non-linear coupled oscillator
Xi = exp(xi — xi+1) — exp(xi—1 — xi), i=1,...,nmod n. (%)

Flaschka Transform

aj == €jexp(xi/2 — xi4+1/2), b; == x;,
[ by a; 0 - 0 )a, |
a1 b2 dpy 0 0
L= O a2 by O (x) = L= [L, M].
0 0 bn—l dn—1
A la, 0 an_1 by

M:=1/2x (L, — L")
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A generalisation Main Theorem

Toda Lattices and Positive-Entropy Integrable Systems

Theorem (B. 2004, B. 2008)

Let A < GL(b; Z) be a maximal torsion-free abelian group of semisimple

elements. There are convex, polynomial-in-momenta hamiltonians on
T*% A such that

for each periodic Toda lattice V of rank n, there is an integrable
hamiltonian Hy : T*~ 4 — R;

the flow of Hy contains the suspension flow of all u € A;

fora=1, b=2 and A < GL(2; Z) is cyclic, the Agl) Toda lattice
yields the Bolsinov-Taimanov example.
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A generalisation Main Theorem

Idea of a Proof: Use the Flaschka transform

Y4 = A\S where S = R? x AR is a solvable Lie group and
A = Zb « A acts by left-translation:
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A generalisation Main Theorem

Idea of a Proof: Use the Flaschka transform

Y4 = A\S where S = R? x AR is a solvable Lie group and
A = Zb « A acts by left-translation:

RP € S Ar =R?

The momentum map A of R?’s left action and
the momentum map p of S's right action

A

Lie(R?)" T*S ! Lie(S)* — T T*R?

Lax matrix
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A generalisation Main Theorem

Idea of a Proof: Use the Flaschka transform

Y4 = A\S where S = R? x AR is a solvable Lie group and
A = Zb « A acts by left-translation:

RP € S Ar =R?

The momentum map A of R?’s left action and
the momentum map p of S's right action

Lie(RP)" <2

T*S ! Lie(S)* — T T*R?

Lax matrix

p descends to T*L
A does not.

We use equivariance to reduce . Works since Lie(RP)"/A is a
smooth manifold except for codim-1 singular bit.
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A generalisation Main Theorem

Orbits in Lie(R?)"/A

regular orbits

LN
 dngalar rbits 4"

reduced space: Lie( Rb
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A generalisation Main Theorem

Positive Entropy

The subspace p~1(0) is invariant.
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A generalisation Main Theorem

Positive Entropy

The subspace p~1(0) is invariant.

From
p~H0) —>= X — T*(Ar/A) = T*T?

the Toda flow factors onto the geodesic flow of a flat riemannian
metric.
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A generalisation Main Theorem

Positive Entropy

The subspace p~1(0) is invariant.
From
p~10) —= ¥ — T*(Ar/A) = T*T?
the Toda flow factors onto the geodesic flow of a flat riemannian
metric.

The lift of the geodesic t — (x + t - u,u) on T*T? embeds the
suspension flow of u € A.
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A generalisation Main Theorem

Topological Conjugacy

The Flaschka transform is non-natural, it depends on a permutation o of
a+ 1 roots:

T*S A Lle(s)* F.T. T*R?

Lax matrix

Question

Are each of the Toda-type hamiltonian flows topologically conjugate?

Leo Butler (Edinburgh) AIMS 2008 21 May 22 /24



A generalisation Main Theorem

Topological Conjugacy

A < GL(b; Z) is totally hyperbolic if its number-theoretic normal closure
has no non-trivial elements with eigenvalues on S?.
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A generalisation Main Theorem

Topological Conjugacy

A < GL(b; Z) is totally hyperbolic if its number-theoretic normal closure
has no non-trivial elements with eigenvalues on S?.

Let h: A — R be the entropy functional:

h(u) = htop(u) ueA

If the flows p1 and @y are topologically conjugate on their unit sphere
bundles, then there is f € Aut(A) such that

hof =h.

If A is totally hyperbolic, then f is induced by a Galois automorphism.

Leo Butler (Edinburgh) AIMS 2008 21 May 22 /24



A generalisation Main Theorem

Numbers of Topological Conjugacy Classes

b — 1=rank=2 AN AR P 6o

Aut(F/Q) = 1 1 3 6

Aut(F/Q) = Z3 1 1 2

b — 1=rank=3 AN AR ) BN AD,

Aut(F/Q) = 1 3 12 12

Aut(F/Q) =2, &2, 3 6 3

Aut(F/Q) = Z4 2 4 3

b — 1=rank=4 e R N I R N S R
Aut(F/Q) = 1 12 60 60 5 120
Aut(F/Q) = Zs 4 12 12 1 24
b — 1=rank=5 AN Aol A8 b

Aut(F/Q) = 1 60 360 360 %

Aut(F/Q) = Zg 14 64 60 17

Aut(F/Q) = S3 19 7 60 21

b — 1=rank=6 AN AR o) B2 b 3%
Aut(F/Q) = 1 360 2520 2520 630 840
Aut(F/Q) = Z; 54 360 360 9% 120
b — 1=rank=7 AN WA R g2 p® W
Aut(F/Q) = 1 2520 20160 20160 5040 20160
Aut(F/Q) = Zg 332 2544 2520

F = Q(X) for some eigenvalue X of a primitive element in A.
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A generalisation Main Theorem

Thank you

Thanks to the organisers: A. Delshams, M. Gidea and R. de la Llave

Thank you for your attention.
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